Supplement to “Understanding Instrumental Variables in Models with

Essential Heterogeneity”*
James J. Heckman Sergio Urzua Edward Vytlacil
University of Chicago University of Chicago Columbia University

and American Bar Foundation

March 20, 2006

I The Construction of Counterfactual Probabilities

Definition of the counterfactual D;. This all takes place at the level of hypothetical manipulations. The space may
have a probability measure or just a measure. For some J (Z) = j, define A; (2) = {2 | J (2) = j}. For each element
in the set, we “project” pp, () onto the set. If we embed the set in L2, this is clear. Otherwise, there may be other
constructions (e.g., embed in space LY and for each norm take a projection. Take the infimum of these norms.)
Such projections do not necessarily define a unique D;. Consider z = (21, 22), up (2) = vz and J (21) = z1. Then
D; is undefined. To make a unique construction we need to supplement the model of hypothetical counterfactuals.
One supplement is a “rational expectations” type supplement. We fix J (z) = j and draw a z at random from this
hypothetical distribution, conditional on the realized J (z) = j. This entails constructing a distribution for z. One
such construction is the actual distribution of z3, given z; in the true population. With this z construction

Dj=1(up (2) > Up).

Now z is a random variable from the distribution given by picking J (z) and then drawing another element. Under (A-
2), J(Z) 1L (Uy,U1,Up). The counterfactual manipulation in this case corresponds to picking (fixing) a J (Z) = j,
drawing a Z at random from the population distribution. Insert the chosen Z into up, (2), and for a fixed Up compute
D;.

Notice that there are other ways to define the D;. We can draw from another distribution not necessarily
corresponding to the population distribution for Z, or we can use deterministic sampling rules. If we do so, the
probability from the hypothetical distribution will not necessarily correspond with the observed probability (i.e.

that found in the actual population). Observe that
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but this is only for the construction given by the rational expectations assumption.

ITI The Yitzhaki Weights for OLS and 2SLS

This appendix explicates the Yitzhaki (1989, 1996), and Yitzhaki and Schechtman (2004) interpretation of the OLS
weights and applies it to 25LS. We first develop some background results useful in computing the OLS and 2SLS
weights. The sample covariance is
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where

X X

Y:NZY; X:NZXi.

=1 =1
It can always be written in U statistic form as m di<icjen (Xj — Xi) (Y; —Y;). For notational simplicity
assume X;y1 > X; foralli =1,..., N — 1. Thus the OLS estimator can be written as
B o Zl§i<j§N (Xj - Xi) (YJ - Yz)
ors = 2
Yicicjen (Xj = Xi)

Now, order the observations so that X; < X5 < ... < Xp. Focus on the numerator of this expression. Observe
that for N > j >4 > 1, we may, for fixed j write the contribution of term j to the expression as

Y (X-X)W-Y)= > (X-X)(V-Y1+Y 1Y a4Y 5 =Y 5+-))
1<i<j<N 1<i<j<N
Let A}/j—l = Y} — Yj—l-
Then we can, form the pairwise OLS estimator, as in Theil (1950). Theil considers all pairwise OLS coefficients
bji = (%) 1(X; # X;). Yitzhaki forms all ordered slopes.

Y, -Y,
bij_1 = Q)l X, #X,.1).
j—1 <XJXJ—1 ( J# Jl)
i.e. the pairwise OLS slope on adjacent observations ordered by the X. Thus we can write the contribution of this
term to the numerator as
Z (X; = Xi) (bj—1AX -1 + - + b AX;)
1<i<j<N

which is a double sum over ¢ and j. Substituting the same decomposition for (X; — X;), the numerator is

Z (Xj =X+ Xjor = Xjo+ -+ X1 — Xi) (bj—1AXj 1 + - + BAXG).
1<i<j<N

A similar decomposition holds for the denominator where AX; is substituted for AY; (and b; = 1 for all ). Observe
that if (X; = X)) or (Y; =Y;) we get no contribution from the comparison ¢ and i’. (We can cover this case by
using the indicator 1 (X; # X;/) everywhere in the numerator.) The structure looks complex but has an interesting,
simplifying pattern. To gain some intuition, write out the expression in full using the order on the X :

(Xy—-X1)(Yw—11) = byo1AXN i+ B AX e+ AXy  +hAX)] YNTAX;

(Xn —Xo) (YN —Y2) = bn_1AXN_1+ b AXE 4o+ AXS +0] Z;V:_zl AX;

(Xy—Xp) Yy —Yi) = by 1AXN 1+ o b AX +0 +0] YL AX;
(XN—XNfl)(YN—YNfl) = [belAXNfl—i-O-i- o4+ 04 +0 +0] Z;-V:_]\},l AX]
(Xn_1— X)) (Yn_1—-Y)) = 04--- cE D AXL e+ AXy  +hAXY] SAX
(Xn_1— Xo) (Y1 —Ys) = 0+ o b AX A+ b AX +0] YL AKX
(Xno1— X)) Yvo1—Ya) = 0+ e b AX 40 +0] Y AX

and so forth. Writing it this way we put the contribution of by_1 in the first column; the contribution of by_5 in
the second column and so forth.
Going down columns and across blocks, the contribution of the by _; term to the numerator is

N—-1N-1

(byv1AXN-1) Y Y AKX

1=1 j=I



Consider the second term

(bn—2AXN_2)

HMZ

HMZ

The contribution of the by_j to the numerator is

N—kN-1 N—k N—-2 N—k N—k
by s AXN K] [ DD AX;+ )Y AXj++ Y Y AKX,
=1 j=l =1 j=l =1 j=l

The generic term in braces can be written out in the following way (see the following table obtained by fixing [ = 1,
then [ = 2 and so forth for each term).

(N —1) cols
AXy_1 +AXN o+ - +AXN_+-- +AX: + AX,
AXn_1 +AXN_o9t+ - F+FAXN_p+- F+AXs 40

(N — k) rows )
AXy_1 +AXNy o+ -+ AXN_p+--- +0 +0
corresponds to the first term;
+
(N —1) cols

0+ AXny_2 +-- +AXy +AX;
0+ AXy_o +--+ +AX, +0

: 0 0
0+ AXy_—o +--- 0 0

(N — k) rows

corresponds to the second term;

+
(N —1) cols
0+0+ - +AXNx +--+ +AX3 +AXy +AX,
0+0+ - 4+AXN_o +-- +AX3; +AXy 0

: 0 0 0
04+0+ - +AXy_p +-- 0 0 0

(N — k) rows

corresponds to the kth term.
Summing across all of the rows,

(N —k)(AXN_1)+2(N —k)AXN 2 +3(N —k)AXy 3+ + (N —k) (N —k)AXy_y
+EAX, +2kAXo +--- + (N —k— 1) AXN_1_1

k N—-k—-1

= (N=k)Y IAXN 4k Y ¢AX,

=1 q=1
Letting m = N — [, this expression can be written as

N—1 N—-k—-1
= (N —k) (N=m)AXp +k Y qAX,.
m=N—k qg=1



Let N — k =4 and use the same index for m and g. The weight on b; is then
N-1 i—1
iy (N—)AX;+ (N —i)> jAX,
j=i j=1
which is the numerator of Yitzhaki’s weight. Write out the expression for the it" weight.

(i) [(N—=i)AX; + (N —i— 1) AX;1 4+ AXy_q] (Y-1)
+(N = i) [AX1 +2AX5 + -4 (i — 1) AX; 4]

Look at the second line

(N =) (X2 —X1)+2(X3— X2) +3(Xa— X3) +---+ (1 —2) (Xjm1 — Xj—2) + (i — 1) (X; — X;—1)]
= (N_l)[_Xl_XQ__ 171_X2]+’LX1(N—Z)

Adding the two lines and collecting terms on ¢ we obtain
(Ni) (X — X))

where

S

i N

_ . 1

Xi: B E Xj and XN:NE Xj.
j=1 j=1

Therefore the weight is positive. The denominator is No%. Thus the weight can be written (for the ith ordered
regression coefficient) as
i( Xy —Xi)
%
(0% is divided by N). i is the (discrete) quantile of the N observations. This form is the same form as the expression

for P(P(Z) > up) in the weights as presented in the text.
An alternative form of the Yitzhaki weight notes that adding the two lines of (Y-1) we obtain

N N
~(N=)> X;+N Y X,
j=1

j=it1

= N i Xj—(N—i)i<%>

j=i+1 j=1

= (N-i)(N) f: (ijv:f)

j=i+1
which is the form of the IV weight developed in the text, and can be written as

o= 00 ()

o
X =it

O ) X .
- = E(X-X|X>X;)

where E denotes the sample mean of X above X.

Extension to TSLS
Replacing X by E(X | Z) where Z is the instrument, the extension to is TSLS immediate.



III Derivation of the Weights for the Mixture of Normals Example

Using the notation defined in the text in Section 5.2, and writing F; as the expectation for group 1, letting p, be
the mean of Z for population 1 and p; be the mean of the first component of Z,

V5
E\(Zi|YZ>v) = pyy+ mEl(Zl — V' Z > )

! "7 — "7 — — A~
= p;+ /’7 11/2E (7,( lf/lz) | ’yf F1L/12) > (U, AH?/Z)
(v'317) (Y'317) (Y'317) (Y'317)

e+ 731 y [ =2
vz \ (s

where )
1 —c“/2
Mo = —=3
V2r @ (—c)
where @ (+) is the unit normal cumulative distribution function.
By the same logic, in the second group:

7' ¥} (v—7"y)
EQ(Zl |’)/IZ>’U):,U + A
e\ (e

Therefore for the overall population we obtain

E(Zy — E(Z1) | v Z > v)Pr(y'Z > v)

2
Py3} 1L v—+1m
= (PiPr1 (v Z > v) gy + PoPro (V' Z > v) pigy) + ——————exp | —= | ————=
. (s Y2 Ve 2\ (vziy)'/?

— = exp
(v'8am) /2 V2r 2

= Pipiyy (Pr1 (' Z > v) = Pr(y'Z > v)) + Papigy (Pra (v Z > v) = Pr(v'Z > v)) +

2
PoyYl 1 v—
Sl (%) — (Prpuyy + Papigy) Pr(v'Z > )
!
(v'%27)

2 2
P2 L v—114 Poy%; L v—"p
oy i 5 STy s 2 T w2 P o e 2
(vE1y) " V2 (v217) (7'X27) " V2m (7227)
= PiP (piyy — poy) (Pr1 (V' Z > 0) = Pr2 (v'Z > v)) +
2 2
Piy%q L v—111y Poy%s L v—1"n
/ 1/2 eXp _5 / 1/2 / 1/2 exp _5 / 1/2
(X)) " V2 (v'E17) (7'827) " V2 (v'227)

where Pry (v'Z > v) and Pry (' Z > v) represent the probability of the event v'Z > v in sub-population 1 and 2,
respectively. The last equality follows from Pr(y'Z > v) = PiPr1 (y'Z > v) + PoPra (W' Z > v).

We need Couv(D, Z1). To obtain it, observe that

D = 1YZ-V >0
E(Z,,D) = E(Z1(vZ -V >0)).

Let E; denote the expectation under Group 1, and let F5 denote the expectation under Group 2.

E(Z\D)=E(Zi|¥Z -V >0)Pr(y/Z -V > 0)



V5
Y1y + 0¥

E(Z,D) u Pri (/2 -V >0) +

_ {pl

+P,

7'E5
V'Ey + 0%,
(PiPr1 (Y Z > V) gy + PoPra (V' Z > V) piyy)

U Pro (v Z =V > 0) +

PW’E} 1

-1y

(V21 + U%/)l/2 Vor

PQ'Y/E%
)1/2 /_27T

(V827 + o,

exp

exp

2

1

2

[
[

2

= g

vy + oy

2

)”2>
>”2>

Y'X1y + oy

Because
E(D)E(Z1) =Pr(y'Z =V > 0) (Pijuyy + Papigy)
and

Cov(D, Zy) = E(Z\D) — E(Z,)E(D)

Cov(D, Zy) Py, (Pri(WZ>V)=Pr(Y'Z >V)) = Papig, (Pra(/Z >V)—=Pr (v Z >V))

2
exp _( —’Y/lh >
1/2
(Y17 + 02)"
, 2
— Mo
)1/2

Xp | — (—
(v'X2y + 0%

Plfy’E%
(vSiy +03)? Vor

+

PQ’YIE%
12 ¢
) T2

(v'S2y + 0%

Thus the IV weights for this set-up are:

|

Py'%l
(7’217-&-0%,)1/2\/271'

PLPy (pyy = pigy) (Pr1 (v Z > v) = Pra (V' Z > v))
Piy'y1 v—v"py Pyy'33 v—y"pio

_|_
1 2 1
TE e P {‘5 (i) ] S v %P {‘5 (et

PrPy (1 = por) Pri (V' Z > V) = Pra (v/Z > V)
_l’_

)| 7o
)“2)2]

( (v'Zav+o?,

&)jv(v)

Pyy's)

2
L= ) |4
2\ (vSivtoy)'? (v'S2y+02, ) *var

exp

exp [%

where o, represents the variance of V. Clearly, &y (—00) = 0, ©v(c0) = 0 and the weights integrate to one over the
support of V' = (—o00,00). Observe that the weights must be positive if P, = 0. Thus the structure of the covariances
of the instrument with the choice index 7' Z is a key determinant of the positivity of the weights for any instrument.
It has nothing to do with the ceteris paribus effect of Z; on v'Z or P(Z) in the general case.

In order to simplify the analysis and illustrate the main ideas of this example, we assume p;; = py; in what
follows.! In this case, a necessary condition for w;y < 0 over some values of v is that sign (’y' Z%) —sign(v' Z%),
i.e., that the covariance between Z; and v'Z be of opposite signs in the two subpopulations so Z; and P (Z) have
different relationships in the two component populations. Without loss of generality assume that v/%1 > 0. If it

I This is the case of two of our examples in the paper.



equals zero, we fail the rank condition in the first population and we are back to a one subpopulation model with
positive weights. The numerator of the expression for w;y(v) switches signs if for some values of v,

2 2
Py/x} 1 — Pyy' S} 1 —
17 i/geXP -3 v 'Y,U11/2 < 27 f/QeXp -3 v 'YN12/2
(VE17) (vE17) (vE27) (7E27)

while for other values the inequality is reversed. (Observe that the denominator is a constant.) Rewriting and taking

logarithms, we obtain under the assumption that sign ('y’ E%) = fsign(f)/E%), the following expression:
1 _ A 2 _ A/ 2 1— P, _ /21 /E
1] /7#2) (v /’7”1) <1n< 1)+1n{ il 12}+1n[7, w}
2| ¥y Y1y Py R v 22y

where we assume 0 < P; < 1. Observe that Tl can be made as large or as small as we like by varying P;. Varying
(141, pto) does not affect the right hand side. For iy = pg = 0, the inequality becomes

/51 /
1112 { LI L} <1n<1pl) +In {’Y 22} +1In [’Yz—l’q .
20 |[vEy Sy Py V' V' D2y

Suppose that 7'Yoy < 4'217. Then the left hand side is positive except when v = 0. For any fixed v, X1, 2o we
can find a value of P; sufficiently small so that right hand side of the equation is positive and for any such value of
Py there will be a v sufficiently small for the inequality to be satisfied. There is also a value of v that reverses the
inequality.

The inequality is satisfied for some v* > 0. But with v arbitrarily large, the inequality can be reversed so that the
weight will switch signs at some value of v. The key necessary condition is that Cov(Z1,7'Z) be of opposite signs
in the two subpopulations. Using Z; as an IV, but not conditioning or controlling for the other components of Z,
produces sometimes negative and sometimes positive movements in the components of Zs, ..., Zx which can offset
the ceteris paribus (Zs = za, ..., Z = zj;) movements of 7.

IV Extensions of the Unordered Case

The argument in the text shows that IV using a variable that shifts people toward (or against) j by operating only
on R;(Z;) can identify the mean marginal return to j vs. the next best alternative, which may be different for
different people. The analysis of the binary case extends directly to this case.

However, without further assumptions, IV will not decompose the marginal return into its component parts.
This has implications for interpreting an IV analysis of the effect of “schooling,” S =" jeq JDyg.j, on earnings. To
see this, consider a three outcome case. Our result is more general but the three outcome case is easy to exposit.

Thus suppose we seek to interpret what

v Cou(Z1,Y) 1)
2 Cov(Z4,9)

estimates in terms of the decompositions like those presented in (3.7)-(3.8) in the text and in (6.15)-(6.16).
We seek a decomposition that is

1. Recoverable by LIV or LATE
2. The weights can be estimated from the data;

3. Economically interpretable.

Recall that the Imbens-Angrist measure in their 1995 paper discussed in the introduction to Section 6 fails criteria
1 and 3.
Take the three outcome case:
Ry =9;(Z;) = Vi, i=1,2,3,

Z = (ZlszaZ3) uis (V17V‘27‘/3a}/1;}/25Y3) .



We keep conditioning on X implicit. Suppose Z;, Zs, Z3 are disjoint sets of regressors Z = (Z1, Zs, Z3) (not necessarily
statistically independent). We can easily relax this assumption but it is helpful to assume this case in making basic
points. It simplifies the notation in the text. We can always condition on common Z components. In this notation

3
E(Y|Z) = ZYSDS A
s=1
EMD:1| Z)+ E(YaDo | Z) + E(YsDs | Z)
Dy = 1(R1> Ry, R1 > Rj)
Dy = 1(R2> Ri,R:> R3)
D3 = 1(R3>Ri,R3>R»).
OE(Y:D4 | Z V1(Z1)—02(Z2) 91(Z1)—93(Z3)
(alTM = 821 // /700 ylf(ylyvl V2, V1 *U3) dyld(vl *Uz)d(vl *U3)
_ ()| Swn ffl(zl TP £ (y1,91(Z1) — P (Za) 01 — vg) dyrd (01 — v3) @)
0Zy | + [y f2 75D £ (00— 02,91 (Z0) — D3 (Z3)) dypd (01— v2)
We can recover this combination of parameters from the data on Y D;.
E(YoDs | 7 V2(Z2)—01(Z1)  [92(Z2)—93(Z3)
%Zlﬂ) _ aizl/”/ /_OC £ (y2, 03 — v1, 03 — v3) d (01 — va) d (vy — v3) dys
—09, (Z1) V2(Z2)—93(Z3)
= # / / [ (Y2,92 (Z2) — V1 (Z1) ,v2 — v3) dyad (va — v3) | . (3)

We can recover this combination of parameters from the data on Y5Ds.

OE (Y3Ds | Z)
A

—09 (Z 93(Z3)—92(22)
= 812(1 ) /ys/ [ (y3,93(Z3) — 01 (Z1) ,v3 — v2) dysd (v3 — v2) 4)

We can recover these combinations of parameters from the data. Notice that “f” is an abstract expression with
different meaning in (2)—(4). The first term can be decomposed into two conditioning sets corresponding to expression

(2):

(R1 = R2) A (R1 > R3) (first part),
(R1 = R3) A (R1 > Ry) (second part).

Decomposing it into components is not possible without invoking additional assumptions (e.g. large support condi-
tions as in Heckman and Vytlacil, 2006a,b, that send some of the components of ¥; (Z;), I = 1,2, 3, off to +o0). The
second expression corresponds to the conditioning set

(Rl = Rz) N (Rg > Rg) =4 (Rl = Rg) A (Rl > R3) .
The third term corresponds to the conditioning set
(R1 = Rg) N (R3 > RQ) = (Rl = Rg) A (Rl > Rg) .

If we differentiate with respect to a component that is specialized to Z;, we obtain

(%ﬁz)):[ [E(Yy — Y2 | Ry (Z2) = Ro (Z) \Ra (Z1) = Ry (Z3))) f (R (1) = R (Za) \Ra (Z1) > Ry (7))
(g_gi) +[E (Y1 = Y3 | R1(Z1) = R3(Z3), R1 (Z1) > Ra (Z2))] f (1( 1) = R3(Z3), R (Z1) = Ra (Z2))

This is the return at margin. It comes from two sources: persons who come from (or exit) 2 and persons who come
from (or exit) 3.



By the chain rule, we can express this in terms of the derivative of the Pr(D; =1 Z):

obr(Dy=1|2) (%) [ f(Bi(Z1) = Ra (Z2) , R1 (Z1) > R3 (Z3)) }
07, 07, +f(R1(Z1) = R3(Z3),R1(Z1) > Ra (Z2)) |~

Thus we can write LIV using Pr (D =1 | Z) as:

OE(Y|Z)
LIV = (8(13(2212)) - [

EYr = Yo | Ri(Z1) = Ra (Z2) , R (Z1)

>
Dy +E (Y1 —Ys | R (Z1) = R3(Z3), R (Z1) > Ry (Z3)) w3

The weights are:

vy = A E(Z) =B (2), B (Z) 2 By (Z3)) (6)
[ f(R1(Z1) = Ra(Z2) , Ra (Z1) > R3(Z3)) }
+f (R1(Z1) = R3 (Z3) , R1 (Z1) > Ro (Z2))
vy = A E(Z) =By (Zs), a (Z) 2 By (Z)) )
[ f(R1(Z1) = Ra(Z2) , Ra (Z1) > R3(Z3)) }
+f(R1(Z1) = Rs (Z3) , R1 (Z1) > Ro (Z2))

These weights can be constructed from a discrete choice analysis conditional on Z coupled with the distribution of
Z. Identifying the component parts by IV,

E(Y1 =Yy | R (Z1) = R2(Z2) ,R1 (Z1) > R3(Z3))

E(Y1 =Ys | Ri(Z1) = R3(Z3), R1 (Z1) > Ra (Z2)),

is not possible in general. For a general Z, we pick up many other flows in other directions, 1 — 2, 2 — 1.

e 7 1 may cause two way flows depending on how Ry (Z1), R (Z3) , R3 (Z3) change. Z; is assumed only to affect
Ry (7).

Monotonicity here means the same pattern of flow is experienced by everyone. Our definition in the general case:

e Z; 1= 1 — j but not j — 4. .".we get a pattern such that everyone has the same pattern of movement. (This
is uniformity.)

What does standard IV estimate?
Using Zl =7, — 71,
Cov(Y,Z)) = E (Z1 (YiDy + YDy + Yg,Dg,))
Using D1 =1 — Dy — D3 we obtain
= E(Zi(%+ (Y2 = Y1) Dy + (¥s - 1) Dy))
= FE (Z~1Y1) +FE (Zl (Vs — Yl)DZ) +E (Zl (Y3 — YI)DS) ;

where F (ZlYl) = 0. It is natural to decompose using choice “1” as the base, because Z; affects only R;(Z;). The

remaining terms are
Cov(V.21) = E(Z (Y2~ Y)1(Ra(Z) > Ra(Z)). Ra(Z2) > R(Z3))
+B (20 (Vs = Y1) 1 (By(Zs) 2 Ra(21), Bs(Zs) > Ra(22)))

= plam-wr (GOSN

(93 (Z3) — 01 (Z1) > Vs — Vi) ﬂ

+E [Zl (Y3 -11)1 ( N (93 (Z3) — V2 (Z2) > V3 — Va)



= /51(M2*N1+U2*U1)

92(22)=V1(21) pU2(22)—V3(23)
/ / fU2*U1,V2*V1,V2*V3(u2 — U1,V2 — V1,02 _'US)

—00 —00

d(’LLQ — ul) d(’l}g — ’U1) d(i}g — ’1)3)
f (21,02 (22) = 01 (21) , 92 (22) — U3 (23))
dz d (V2 (22) — V1 (21)) d (V2 (22) — V3 (23))

+/21(,u3—u1+ug—u1)

193(23)7’191(21) 193(23)*192(22)
/ / Jus—vy Va—vi, va—va (U3 — w1, v3 — v1,v3 — v2)
— 00 — 00

d(U3 — ul) d(’Ug — Ul) d(’Ug — Uz)
xf (21,95 (23) — V1 (21) , U5 (23) — V2 (22))
dil d (193 <Z3) — 191 <Z1)) d (193 <Z3) — 192 (ZQ)) .

We obtain the weights by first analyzing the numerator term of AIZ‘l/ in (1):

oo

/E(Yg—Yl Vo= Vi = 03 — 01, 0 (Za) — s (Zs) > Va — Vi)
— 00
) S V2(z2)—03(23)
{ / Z / l( / hvy—vi va—vi (V2 — v1,v2 — v3) d(v2 — U3)>
— 00 — 00 — 00

X ( / 9 (21,02 (22) — V1 (21) , 92 (22) — V3 (23)) d (V2 (22) — 1 (21)) )]

—v1

d (192 (22) - 193 (23)) d%l} d (U2 — ’Ul) . (8)

Define the term in braces in braces in (8) as n(Z1,va—wv1). The expression in braces is our weight. It can be estimated
from discrete choice analysis conditional on Z along with the joint distribution of Z. However, the term multiplying
the weight cannot be identified by LATFE or LIV. Thus this decomposition is not operational. By a parallel analysis,

[ B0 =Yl Vo Vim s = 0,04 (Z0) - 02(Z0) 2 Vo - Vi)
) %) ¥3(23)—02(22)
{ / 21 / [( / hV3—V1,V3—V2 (U-?) — U1,V3 — UQ) d(U3 - IUQ))

X ( / 9 (21,73 (23) — V1 (21) , 93 (23) — V2 (22)) d (I3 (23) — 1 (21)) )]

—v1

d(193 (23) —192 (212)) di1}d<v3 —’Ul). (9)
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Define the term in braces in braces in (9) as n(Z1,v3 — v1). To derive the denominator, recall that S = Z‘:’Zl s Ds.
Substitute again for Dy =1 — Dy — D3,

ZsDS = (1—Dy— D3)+2Dy + 3D
= 14Dy +2Ds3,
Cov(S,Z,) = E (211)2) 12D (Zng)

- E (21 (1(Ro > Ry, Ry > Rg))>
128 (20 (1 (Ry > Fa, By > F2)) ).

We get parallel expressions for the two terms corresponding to the two terms of (8) and (9). We obtain for the first

term:
7 7 Z [ 7 79(21,192 (z2) — 01 (1), 92 (22) — O3 (23))

—0o0 —0o0

Y2(22)—93(23)

hvy—vi va—vs (V2 — v1,v2 — v3) d (V2 — v3)

-d (’192 (22) - ’191 (Zl)) d (192 (22) - ’193 (23))‘| d%l d (1)2 - Ul) . (10)

By Fubini’s Theorem we obtain:

oo, V2(z2)—V3(23)
1 [ / ( / hvy—vy va—vs (V2 — v1,v2 — v3) d (vg — U3)>

— 00

é\g

/ g (21,02 (22) — V1 (21) , 92 (22) — U3 (23)) d (V2 (22) — V1 (21))>

I
U

d(’LgQ (2’2) — 193 (Zg))] dél d(’UQ — Ul)

= / n(Zl,vgfvl)d(vgfvl). (11)

— 00
By parallel logic, we obtain for the second term:

—192(22)

oo oo o0 193(23)
/ / Z [ / ( / hvy—v, va—v, (U3 — v1,v3 — v2) d (vg — U2)>

—00 — —00 —00

(/ 9 (21,93 (23) — V1 (21) , 93 (23) — V2 (22)) d (I3 (23) — ¥h (21))>

—v1

d(lgg (2’3) — 192 (ZQ))] dél d(’Ug — Ul)

= / n(Z1,v3 —v1)d(vs — v1) .

—0o0
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These terms can be formed from discrete choice analysis and the joint distribution of (Z, D1, Da, D3). Collecting
results, we obtain

AIZV — CYO’U(Zl7 Y)
! Cov(Zy,S)
identified from discrete
choice analysis and
not identified from LIV the distribution of Z
oo

[ E(Ys =Y |Va—=Vi=v3— 01,092 (Za) — 03 (Z3) > Vo —V3) n(Z1,v2—v1) d(va—11)

+ [ E(Ys=Y1| V5 =Vi=wv3—v1,03(Z3) =2 (Z2) > Vs —Va) n(Z1,v3—v1) d(vs—wv1)

not identified from LIV identified from discrete
choice analysis and
the distribution of Z

) )
f 77(Z1,1}2 —Ul) d(UQ—U1)+2 f 77(Z1,’U3—U1) d(’Ug—Ul)
—00 \=—— —00 \m——
identified from discrete identified from discrete
choice analysis and choice analysis and
the distribution of Z the distribution of Z

Observe that the weights do not sum to one. We cannot operationalize this decomposition even though we know the
weights. What is remarkable is that we can operationalize a decomposition for the mean of Y7 against the next best
alternative, which combines these terms in the fashion described in the text.

Look at what IV is doing in the general case. It is estimating flows that move from 1 to 2 and 1 to 3. The sign
is opposite to the sign for the binary case. This is very peculiar.

Take the special case of the Mincer model. That setup is formulated in terms of log earnings for Y7, Y5, Y.

Yo = In(1+g)+Y,
Y3 = In(l1+g)+ Y,

where Y3 =2In(14+¢)+ Y7 and Yo =In (1 + g) + Y;. All earnings depend on two parameters: (g,Y7). In this case,
letting a = In(1 + g),

Cov(Z1,Y)

AIV —
% Cov(Z,S)
[ E(a|Va—=Vi=uvy—v1,95(Z2) — 03 (Z3) > Vo — V3) n(Z1,v2 — v1) d (v2 — 1)

+ [ E(a|V3—Vi=v3—v1,03(Z3) — 02 (Za) > V3 — Vo) 20(Z1,v5 — v1) d (v3 — v1)

— 00

f 77(Z1,U2*111)d(1}2*’t}1)+2 f n(Zl,v3fU1)d(v3fv1)

— 00

so the weights on the components sum to 1. This is a special feature of the Mincer case.
IV estimates the net effect of the flow from 2 to 1 and 3 to 1 but does not identify the components of the flow
as does a structural model.
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