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1 Introduction

The objective of this document is to describe different estimation techniques that allow the computation of treatment
effecs in the context of models with essential heterogeneity. We provide a FORTRAN code (MTE eze) that implements
these techniques, and an example based on the Generalized Roy Model.

2 The Illustrative Model

Assume that the economic model generating the data for potential outcomes is of the form:

Y = ai+e+X5,+U1 (1)
Yvo = Ck()+XBO+U0 (2)

where vector X represents the observed variables (regressors), Uy and U; represent the unobservables in the potential
outcome equations, and ¢ represents the benefit associated with the treatment (D = 1). The assumptions of linearity
and additive separability are not intrinsic to the model of essential heterogeneity and are used in this supplement
just to illustrate the estimation method we propose. The individuals decide whether or not to receive the treatment
(D =1or D=0) based on a latent variable I
I=+2-V (3)
where Z and V represent observables and unobservables respectively. Thus, we can define a binary variable D
indicating the treatment status
D { 1if7>0 (4)

0if 1 <0

Finally, we assume that the error terms in the model are not independent even conditioning on the observables,
ie. U1 7”: UO 7“: V|X1,X2.

Equations (1)-(4) can be interpreted as the Generalized Roy Model (Heckman and Vytlacil, 2001a).



3 The Marginal Treatment Effect, Treatment Parameters and IV esti-
mates.

The marginal treatment effect in the model of the previous section is
EYy - Y| X =2,V =v) (5)
and it represents the benefits of treatment when V = v.
Notice that without lost of generality we can consider the following
/ /
vZ >V —= Fy(v'Z2)>Fy(V)

where Fy () is the cumulative distribution function of V. Then, if P(Z) and Up denote Fy (7' Z) and Fy (V) respectively,
we have that the choice model can be re-written as

P(Z) > Up.

and (5) can be defined
E(Yl — Y0|X =X, UD = UD)

The TT, TUT, ATE and IV estimators can be constructed as a weighted averages of the MTE (Heckman and
Vytlacil, 2001a,b, 2005). In particular, if Aﬂv () denotes the IV estimator obtained by using the instrument J we
have that:

AV (z) = /MTE (z,uq) wy(x, ug)dug
where
(E(JIP(Z) > ug, X =) — E(J|X =2))Pr(P(Z) > uq|X = x)
Cov(J,D|X = x)
and wy(z,0) =wy(z,1) =0 and [wy(z,uqs)dFy,(uq) = 1.

wy(z,uq) =

Likewise,
ATT (z) = /MTE (z, uq) wrr(z, ug)dug
where ATT(x) represents the treatment on the treated conditional on X = 2. Similar expressions exist for the other

treatment parameters. These estimators depend on the particular value of X (z). In order to eliminate this dependence
we need to integrate X out, so that we can define the unconditional estimators as

AY = [ A @)dFx(a)

and

AT = [ AT ()P o (o)

4 The Estimation of the Propensity Score and The Identification of the
Relevant Support

The first step in the computation of the MTFE is to estimate the probability of participation or propensity score,
Pr(D = 1|Z = z) = P(z). This probability can be estimated using different methods. In this document, we assume



V ~ N(0,1) and thus estimate P(z) using a probit model. Let 7 denote the estimated value of v in equation (3).! The
predicted value of the propensity score (conditional on Z = z), P(z), is then computed as P(z) = Pr(3Z > V|Z =
z) = ®(7z) where ® represents the cumulative distribution function of a standard normal random variable.

The predicted values of the propensity score allow us to define the values of up over which the MTE can be
identified. In particular, as emphasized by Heckman and Vytlacil (2001a), identification of the MTE depends critically
on the support of the propensity score. The larger the support of the propensity score, the bigger the set over which
the MTE can be identified.

In order to define the relevant support we first estimate the frequencies of the predicted propensity scores in
the samples of treated (D = 1) and untreated (D = 0) individuals. These frequencies are computed using simple
histograms, and in both subsamples the same grid of values of 13(2) (T") specifies the number of points at which the
histogram is to be evaluated.?

Let P; denote the set of evaluation points (coming from the grid) such that

~

Pr={pelle<Pr(P(z)=p|D=1)<1—¢} withl{=0,1and e >0

so P; represents the set of values of p for which we compute frequencies in the range (0,1) using the subsample of
individuals declaring D =1 (I = 0,1). Notice that the extreme values 0 and 1 are excluded from P;. Finally, if we
denote by P the set of evaluation points used to define the relevant support of the propensity score, we have that

~ o~

P=Po\Pi={peTlle<Pr(P(z)=p|D=0)<1—cand e<Pr(P(z) =p/D=1) <1—¢}.

for € > 0. Therefore, the MTE is defined only for those evaluations of P (z) for which we obtain positive frequencies
for both subsamples.

In practice, after identifying the relevant or common support of the propensity score, it is necessary to adjust the
sample. In particular, the observations for which P(z) is contained in the common support are kept. The rest of the
sample is dropped. From this point on, our analysis refers to the resulting sample.

5 Different Approaches to Estimate the Marginal Treatment under Es-
sential Heterogeneity

Using the expression (1)-(4), it is easy to show that
E(Y|X ==, P(Z) =p) =a+Box+ (81 — Bo)z)p+ K(p) (6)

where P(Z) represents the propensity score or probability of selection, p is a particular evaluation value of the
propensity score and
K(p) = op+ E(Uo|P(Z) = p) + E(Ur — Uo|D =1,P(Z) = p) p. (7)

Equations (6) and (7) are the cornerstones in the approaches we start presenting now.

1Our code allows the utilization of non-parametric probit, linear probability model, and standard probit model in estimating the
propensity score.
2In practice we set T' = {0.01,0.02, ...,0.98,0.99}.



5.1 The Parametric Approach

This approach uses the parametric form of the marginal treatment effect under the assumption of joint normality for
the error terms. In particular, we add to the model presented in section 2 the following assumption:

(UO; Ulv V) ~ N (07 E) (8)

where ¥ represents the variance and covariance matrix. In what follows we denote by o the variance of V, o7 the
variance of U; (with ¢ =0, 1), oy the covariance between U; and V' (with i = 0,1), and 0 ; the covariance between
U; and U; (with ¢ # j).

Therefore, we can write
\% Z A
Pr(D=1,%)=Pr (— < —7) ) (J) = P(2)
oy oy oy
SO

=01 (P(2).
oy

where ® represents the cumulative distribution function of a standard normal random variable and ®~1! its inverse.

Additionally, by using assumption (8) we can obtain:

EWMVilD=1,X,Z2) = a1+e+Xp,+EU|V < Z7)
vV Vv Z
— oo X e (L < 2)
oy oOv oy
¢ (%)

a1 +o+ X3 +py | —
(I)(Z1>
ov

or, in terms of the propensity score

E(WID=1L,X.P(2) = EMID = LX,P(Z)) = ar + ¢+ X, + py (M>

P(2)

where p; = Zx

and ¢(.) denotes the density function associated with a standard normal random variable. Likewise,

¢ (2" (P(2)))

E(Y1|D=O7X,P(Z))=a1—|—<p+X51+p1 17P(Z)

and
EM|Zy -V =0,X,P(Z)=a1+ ¢+ XB, +p® ' (P(2)).

Analogous expression can be obtained for F (Yy|D =0,X, P(Z)), E(Yo|D =1,X,P(Z)),and E (Yy|Zv -V =0,X, P (2)).
Notice that, as mentioned in Section 3, without lost of generality, we can re-write the decision rule as follows

p_ [ 1ifZy-V>0 p_J LitP(Z)~Up>0
“ 1 0ifZy -V <0 1 0ifP(Z2)—Up <0

where in this case Up = ®(V/oy ). Therefore, the marginal treatment in this case can be defined as:

MTE(X =2,Up =up) = 5/115 - B{)x +(p1 — Po) ! (up)



The following algorithm is used in the computation of the MTFE under the parametric approach.
Step 1: We estimate E(Y|X =z,D =1,P(Z) =p) and E(Y|X =z,D =0, P(Z) = p) using the expressions
(I)—l
EYIX = zD=LPZ)=p)=a1+¢+ X0 +p (_W)
(I)—l

where we use the following facts

BUX = o.D=1P(2)=p) = BEW|X = 2.2y > V.P(Z) = p) = —p, 22 )

p
-1
E(UolX = ,D=0,P(Z)=p)=EUs|X =2,2'y <V,P(Z) =p) = p0_¢><<<1>_1 —g))'

Step 2: With the estimated values ag, @, BO, Bl,ﬁl and p, and by using the estimated propensity score (under
the full support condition) we compute:

MTEpq (X =2,Up =up) = a1 + ¢ —ao + ' (Bl — Bo) + (1 —Po) @ (up) .

5.2 Relaxing the Assumption of Normality: Using a Polynomial of the Propensity
Score.

We can approximate the function K (p) in equations (6) and (7) by a polynomial of p.> Thus, if ¥ denote the degree
of the polynomial we obtain:

[V
E(Y|X =g P(Z)=p)=ao+2'8+ (a1 +p—ao)p+ (@ (By =) p+ Y ¢’ (9)
i=1

and, consequently, the estimator of the MTE is
9
OE(Y|X =x,P(Z) = g
] ap 2) p):(0‘1+@_0‘0)+$/(/B1_/30)"‘21@]? !

i=1

Therefore, the following algorithm can be used to compute the MTE.

Step 1: First, fit the model

v
Y =ao+ X'By+ (X" (By = Bo)) P(Z) + D ¢:P(Z) +¢&
i=1

where we assume E(¢|X =z, P(Z) = p) = 0. Notice that the term ¢, includes (a1 + ¢ — ayp) .
Step 2: With the parameters values found in step 1 compute

—

9
MTEpq (X =,Up =p) =&+ (B; — Bo) + Y ipp' "
=1

where k = (a1 + ¢ — ap) + ¢;.

3Intuitively, this idea is based on a series approximation of the conditional expectation.



6 The LIV Estimator (Semiparametric Method 1)

Heckman and Vytlacil (2001,2005) show that

OEY|X =z,P(Z) =p)
dp

AMY (3 up) = — AMTE(

T, up).

pP=up
This expression indicates that in general the computation of the MTE involves the estimation of the partial derivative
of the expectation of the outcome Y (conditional on X = z and P(Z) = p) with respect to p. This is the method of

local instrumental variables introduced in Heckman and Vytlacil (2001). However, since we are considering the linear
and separable version of the model of essential heterogeneity, we can use equations (6) and (7) to show that

OEY|X =z,P(Z) =p) 0K (p)

ap = ‘T/(/Bli/BO)+ 0}7

p=up

(10)

p=up

Thus, in order to compute the MTE we need to estimate values for (5, —3,) and al;_;m. Notice that without additional
assumptions, the estimation of this last term requires the utilization of nonparametric techniques.

Different approaches can be used in the estimation of (10). The following steps describe the first semiparametric
approach described in this document.

Step 1 We first estimate the coefficients 5, and (5, — ) in (6) using a semi-parametric version of the double residual
regression procedure.* In order to do so, we start by fitting a local linear regression (LLR) of each regressor in
(6) on the predicted propensity score p (z). Notice that if nx represents the number of variables in X, this step
involves the estimation of 2 X nx local linear regressions. This is because equation (6) also contains terms of
the form X, P(z) for k =1,...,nx. We use the k-th regressor in (6), Xy, to illustrate the LLR procedure. Let

Xk () and ﬁ(z( 7)) denote the values of the k-th regressor and predicted propensity score for the j-th individual,
respectively, the latter evaluated at z (j) (the observed value for the individual). The estimation of the LLR of

X} on P(z) requires obtaining the values of {0(p),01(p)} for a set of values of p contained in the support of
P(z) such that

N

{00(p), 01(p)} = arg min § > (Xk(5) = 00 = Ou(P(()) = )" W(P(2()) = p)/M)

0,Y1 j=1

where U(.) and h represent the kernel function and the bandwidth, respectively and where 6y and 6; are

parameters.” In practice, we use the set of all values of ﬁ(z) to define the set of evaluation points (p) in the
LLR. This allows us to estimate the predicted value of X}, for each individual in the sample.5

Let X x(j) denote the predicted value of X}, for the j-th individual. This procedure is repeated for each of the
2 X nx regressors in the outcome equations.

Step 2 Given the predicted values of the 2 X nx regressors X t (k=1,...,2 xnx), we now generate the residual for each
regressor k and person 7, R
EXR(.]) = Xk(]) — Xk(_]) with k& = 1, PN 2 X nx.

4In the textbook case Y = A1 X1 + Ao X2 + € where € is assumed independent of X; and X, a double residual regression procedure
estimates Ay using two stages. In the first stage, the estimated residuals of regressions of Y on X9 and X3 on X3 are computed. Let ey
and ex, denote these estimated residuals. In the second stage, Az is estimated from the regression of ey on €x, .

5The selection of optimal bandwidth is an extensively studied issue in the nonparametric literature. In the code utilized in this paper two
procedures computing optimal bandwidth in the context of local regressions are implemented. The first one is the standard leave-one-out
crossvalidation procedure. The second procedure is the refined bandwidth selector described in Section 4.6 of Fan and Gijbels (1996). Our
code allows the utilization of three different kernel functions: Epanechnikov, Gaussian and Biweight kernel functions.

6 An alternative could be to use P as the set of evaluation points. In this case, in order to compute the predicted value of X, for each
individual, it would be necessary to replace his value of the predicted propensity score.by the closest value in P.



Step 3

Step 4

Step b

Step 6

Step 7

Step 8

We denote by ex, the vector of residuals (e€x, (1),€x,(2),...,ex,(IN))’, and by ex the matrix of residuals such
that its k-th column contains the vector ex, .

As in the standard double residual regression procedure, we also need to estimate a LLR of Y on ﬁ(z) The

same procedure as the one described in Step 1 is used in this case. Let ?( j) denote the resulting predicted value
of outcome Y for the j-th individual.

With 17(]) in hand, we generate the residual associated with outcome Y for each person j,
ey(i) =Y () - Y ()
Following the notation used before, we denote by €y the vector of residuals (€y (1), ..., ey (N))’.

Finally, we can estimate the values of 3, and (8; — 3;) in (6) from a regression of ey on €. More specifically,
[507 (51 - 50) = [/e\’X’e\X]_l[/e\'X/e\y].
Heckman et al. (1998) use a similar double residual regression argument to characterize the selection bias in a

semiparametric setup that arises from using nonexperimental data.

From equation (10) we observe that after obtaining the estimated value of (8, — 8,), only 9K (p)/ Jp remains
to be estimated. However, with the estimated values of 8, and (8; — f8,) in hand, this term can be estimated
using standard nonparametric techniques. To see why, notice that we can write

Y =K(P(Z)+7v (11)

where Y =Y — X', — (X’(ﬂ/—\ﬂo)) P(Z) and, as before, we assume E (0| P(z), X) = 0. Then, it is clear from
(11) that the problem reduces to the estimation of 0K (ﬁ(z))/aﬁ(z), where K (ﬁ(z)) can be interpreted as
the conditional expectation E (17|P(Z) = ]3(3)) .

Let ¥, (p) denote the nonparametric estimator of OK (p)/ dp. Notice that we define this estimator as a function
of p instead of P(z). This is because, unlike the case of the LLR estimators described in Step 1, we now use a
subset of values of P(z) to define the set of points (p) on which our estimator is evaluated. In particular, we use

the set P to define this set of evaluation points. As shown above, P contains the values of ﬁ(z) for which we
obtain positive frequencies in both the D = 0 and D = 1 samples. Thus, ¥, (p) is computed as

{0(p),V1(p)} = arg min § > (V(5) = do = 01(P(=(7) = )" ¥(P((7) = p)/h)

where as before ¥(.) and h represent the kernel function and the bandwidth, respectively.

The LIV estimator of the MTE is finally computed as follows:
—_— a?\ —_—
AV (z up) = (By — Bo)x + 8]519) = MTE (z,up)

and is evaluated over the set of p’s contained in P.



7 Adding Structure (Semiparametric Method 2).

A different approach, that combines the ideas of the two previous methods, can also be used in the estimation of the
MTE. This approach has two stages. The first stage is closely related with the polynomial approximation method
presented in section 5.2, whereas the second stage uses some of the ideas behind the method in section 6.

The method is the following. First, a control function approach is used to estimate the coefficients in £ (Y| X =z, P (Z) =p).
In particular, based on the expression (6), we use a polynomial of degree d to approximate the function K(p) (see
expression (9) in Section 5.2). With these coefficients in hand, and using the same logic as in the step 6 in the previous
method, we construct a residualized version of the outcome. Finally, by fitting a nonparametric regression of this new
outcome on the propensity score, and by computing its derivative we obtain the MTFE. These two last steps are similar
to the steps 6,7 and 8 in the previous section.

Formally, the method can be described by the following algorithm.
Step 1: We fit the model

d
Y = ag+ XB + (X (8 —%))P(ZHZ%P(ZYH

where we assume E(¢|X =z, P(Z) = p) = 0. Notice that the term v, includes (a; + ¢ — ag) .

Step 2. With the estimated values of ag, 5, and (5; — ) in hand, we compute a residualized version of our
outcome. This new variable allows us to apply standard nonparametric techniques in the estimation of K (p). To see

why, notice that we can write: _
Y=KP(2Z)+v

where Y =Y —ag — X', — (X’(ﬂl/—\ﬂo)) P (Z) and as before, we assume E(¥|P (Z)) = 0. Therefore, the problem
reduces to the estimation of K (p), where K (p) can be interpreted as the conditional expectation E(Y|P (Z) = p).

Step 3. Standard nonparametric techniques for the estimation of local derivatives are used in the estimation of

OE(Y|P(Z) =p) _ 0K(p)
Op Op

Our code allows the utilization of local polynomial of higher order to approximate K (p), and so the derivative is
computed accordingly to the selected order.

Step 4: Finally, the LIV estimator of the MTE in this case is

JmNonQ (x=2,Up =up) = 35/(51 —Bo) + ——

8 The Weights

The IV weights. Let J be the instrument. For simplicity we assume that J is a scalar. Then, the IV weight is:

(E(J|IP(Z) >up,X =2)— E(J|X =2))Pr(P(Z) > up|X =)

wy(@,up) = Cov(J,D|X = z) (12)




see Heckman and Vytlacil (2001a) and Heckman et al. (2006) for a derivation of this expression.

In order to compute the weight:

Step 1 We approximate E(J|X = ) using a linear projection, i.e. we assume J = XX + V where E(V|X = z) = 0, so
E(JIX =) = A z.

Step 2 For each value of up we generate the auxiliary indicator function I [P(Z) > up| which is equal to 1 if the
argument of the function is true and 0 otherwise.

Step 3 We use linear projections to estimate E(J|X = z, P(Z) > up). More precisely, we use OLS to estimate the
equation J(uaq) = A, ,)X + V using only the observations for which I [P(Z) > up] = 1. Since we assume

E(V|X =2, P(Z) > up) =0, then E(J|X = 2, P(Z) > up) = Ay -

Step 4 Since Pr(P(Z) > up|X = z) = Pr(I[P(Z) > up] = 1|X = z) we use a probit model (for each value of up) to
estimate this probability. Let Pr(P(Z) > up|X = z) denote the estimated probability.

Step 5 We repeat steps 2, 3 and 4 for each value of up..

Step 6 With E(J|X = z), E(J|X =z, P(Z) > up) and f’;(P(Z) > up|X = z) in hand we can compute the numerator
of (12). In order to get the denominator, we use the fact that

/wj(x,uD)duD = COU(J,Z;‘X — /(E(J\P(Z) >up,X =z)— E(J|X =2))Pr(P(Z) > up|X =z)dup =1

so with the numerator in hand, it is straightforward to obtain the value of the covariance (conditional on X).

The Treatment Parameter weights. We use the Treatment on the Treated (T'T) parameter to illustrate the
computation of the treatment parameter weights. The TT weight is:

wrr (@, up) = Pr(P(Z) > up|X =)
77(%, Up fPr(P(Z)>uD|X::r)duD

and consequently, we can use f’}(P(Z) > up|X = x) to estimate the wpr(z,up). As in the case of wy(z,up), with the
estimated value of Pr(P(Z) > up|X = z) in hand, we can directly obtain the value for [ Pr(P(Z) > up|X = z)dup,
using the fact [wrr(z, up)dup = 1.

Therefore, provided with MTE (z,uq) and estimated values for the weights we can can compute Egv(:n) and
ATT(z). Finally, since these estimators depend on the particular value of X (z) we can integrate X out to obtain A{,V
and ATT.

9 Optimal Bandwidth and Kernel Functions

When applying nonparametric techniques is necessary to consider the selection of the bandwidth and the kernel
function. Cross-validation and data-driven procedures of bandwidth selection are frequently used in the applied
nonparametric literature. We implement the standard leave-one-out crossvalidation procedure, as well as the global
optimal bandwidth selection method recommended by Fan and Gijbels (1996).

In term of the kernel function, our code allows us to use three different kernel functions: Gaussian or Normal
kernel, Biweight Kernel, and Epanechnikov kernel.



10 Example

Our example considers the following parametrization of the model:

U1 = O01¢€

U() = 0p¢€

V = oye

e~ N(0,1) (13)
o1 =0.012,0¢9 = —0.05,07, = —1 (14)

g = 002, oy = 0.04
Bo = [ﬂwwgm] = [0-570-1]751 = [5117521] = [0~8=0-4]
p=0.2
Yo =0.2,7, =0.3,7,=0.1

In the case of the independent variables we assume:

Zy o~ N(_lvg)u Z2NN(179)

where X7 1l X, 1l Z; 1L Z,. Since we only observe Y7 or Yy for each individual, but not both, we construct the
observed outcome Y as
Y =DY1+(1-D)Y,

This framework allows us to compute the value of the different treatment parameters, as well as the IV estimator,
using exact forms. In particular, if we denote by Pr(D = 1|Z = z) = P(z) the propensity score we have that

Pr(D:l,Z):Pr(%<f—3) :@(f-l) = P(2)

SO
Zy

=o' (P(2)).

ov

where ® represents the cumulative distribution function of a standard normal random variable and ®~! its inverse.
Additionally, by using assumption (13) we have

EWiD=1,X,Z) = a1+¢+BnXi+B8pXe+E(UW|V <Zv)
V. Vv VA4
ar+ e+ 0811 X1+ B Xo +p1 B <__ < _7)
oy Oy oy

°(%)
* (%)

= at+e+BpXi+BpXatp | —

or, in terms of the propensity score

EWi|D=1,X,P(Z))=a1+¢+ 11 X1 + 12Xz +p; <¢

10



ot o1
lo%|

where p; = = —o; and ¢ denotes the density function associated with a standard normal random variable.

Likewise,
¢ (21 (P(2))

EMWM|D=0,X,P(Z)) =a1+ ¢+ 011 X1+ B12X2 + 01 =P 2)

and
EM|Zy =V =0,X,P(Z)) =1+ ¢+ B3 X1+ B, Xo +p1 @ (P(2)).

Analogous expression can be obtained for E (Y5|D =0, X, P (Z)),E(Yo|D =1,X,P (Z)),and E (Yy|Zv -V =0,X,P(Z)).
Notice that, without lost of generality, we can re-write the decision rule as follows

_ [ LifZy -V >0 _ [ 1iP(2)-Up>0
D_{Oiny—VSO ‘:’D_{OifP(Z)—UDgo

where Up = ®(V/ovy).
Therefore, the marginal treatment can be written as:
MTE (X = 2,Up = up) = (1 —ao) + ¢ + 2" (81 — Bo) + (p1 — po) @~ (up)
and provided with the values of g, a1, By, 81, po, and p; we can compute the MTE in this case.

The IV weights can be easily simulated as well. In particular, since X; 1L X5 1l Z; Il Z5 we have that

(BUIP(Z) > ua) — B(J) P(P(Z) > up)
Cov(J, D)

wJ(%“D) =

where J represents the instrument (either Z7, Z5 or a function of them), so since
Pr(P(Z) > up) = Pr(Zvy > ® ! (up))
and Z; and Z; are normally distributed, we have that
Pr(P(Z) >up) =1—®z,(®* (up))

where @z, () represents the cdf of a normal distribution with mean 0 (= 0.2 — 0.3 + 0.1) and variance 1.6 (= 0.3% x
16 4+ 0.1% x 16). In order to give an explicit expression for E(J|P(Z) > u,) let’s assume that J = Z;. Then,

E(J|P(Z) >up) = E(Z|Zy>® ' (up))
= E(Z1|Zy > & (up))
Cov(Z1, Zv)

= B2+ Var(Zv)

E(Zv|Zy > ® ! (up))
b & '(up)
CO’U(Zl,Z’y) Var(Z~)
Var(Z7) | g <<I>_<D)>

\/Var(Z~)

= EBE(Z1)+

(b @71(11[))
COU(Zl,Z’y) Var(Z~)

Var(Z7) | _ ¢ (M)
\/Var(Z~)

= E(Z)+

11



SO

\/Var(Zw) 1— (%

Cov(J,
Cov(Zl,Z'y)¢< @’1(uD) >

¢ rl(w))
Cov(Z1,Z7) VVar(Zy) 1 — (piy (UD)))
wz, (up) = D)

\/Var(Z'y) \/Var(Z'y)
Cov(J, D)

and the denominator can be estimated using its sample analogue. Notice that in this case the weights do not depend
on X, so

ALY = //0 MTE (z,up)wz, (up)dupdFx(x)
1
= / /MTE(x,uD)dFX(@le(uD)duD
0
- / (01— a0) + 9 +7 (B — Bo) + (o1 — po) @ (up)] wa, (up)dup
1
= (o —a0) + BT (B — Bo) + (o1 — o) / &1 (up) wz, (up)dup

Finally, the weights associated with the treatment on the treated are

Pr(P(Z) >up) _ 1—-0z,(27" (up))
fPI‘ Z) > up)dud f 1-— @ZW((P_l (uD))duD

wrr(zup) =

and )
AT = (a1 — a0) + o +T (81 = Bo) + (p1 — po) / ! (up) wrr(zup)dup
0
Analogous logic applies to the other treatment effects.

In what follows we consider a montecarlo experiment. We simulate 50 samples of size 5000 from the model described
above, and we use our code to estimate its components. Then we compare these results with the actual values.

Table 1 presents the actual and estimated values for the probit model.

Table 2 presents the actual and estimated values for the different parameter in the each of the different approaches.
Table 3 presents the actual and estimated values for the treatment parameters.

Table 4 presents the results from IV in this case.

Figure 1 presents the estimated propensity score under the states (D =1 and D = 0).

Figures 2 and 3 present the IV and treatment parameter weights, respectively.

Figure 4 presents the estimated marginal treatment effects obtained by using the different approaches.

12



References

Fan, J. and I. Gijbels (1996). Local Polynomial Modelling and its Applications. New York: Chapman and Hall.

Heckman, J. J., H. Ichimura, J. Smith, and P. E. Todd (1998, September). Characterizing Selection Bias Using
Experimental Data. Econometrica 66(5), 1017-1098.

Heckman, J. J., S. Urzua, and E. J. Vytlacil (2006). Understanding instrumental variables in models with essential
heterogeneity. Review of Economics and Statistics. forthcoming.

Heckman, J. J. and E. J. Vytlacil (2001a). Local Instrumental Variables. In C. Hsiao, K. Morimune, and J. L. Powell
(Eds.), Nonlinear Statistical Modeling: Proceedings of the Thirteenth International Symposium in Economic Theory
and Econometrics: Fssays in Honor of Takeshi Amemiya, pp. 1-46. New York: Cambridge University Press.

Heckman, J. J. and E. J. Vytlacil (2001b, May). Policy-Relevant Treatment Effects. American Economic Review 91(2),
107-111.

Heckman, J. J. and E. J. Vytlacil (2005, May). Structural equations, treatment effects and econometric policy
evaluation. Econometrica 73(3), 669-738.

13



Table 1. Coefficients in the Choice Model(Probit)

Coefficient Actual Values Estimated Values

Yo 0.2 0.226
(0.022)
Vi 0.3 0.311
(0.009)
v 0.1 0.092

(0.006)




Table 2. Coefficients in the Outcome Equations

Coefficient  Actual Values Estimated Values
Parametric Polynomial ~ SemiParametric 1 (1LIV)  SemiParametric 2
% 0.02 0.019 0.014
(0.001) (0.023)
% + @ 0.24 0.239
(0.004)
Bio 0.5 0.499 0.499 0.498 0.499
(0.000) (0.004) (0.004) (0.004)
Bao 0.1 0.099 0.101 0.1 0.101
(0.000) (0.004) (0.004) (0.004)
By, 0.8 0.799
(0.000)
By 0.4 0.4
(0.000)
811 - Bio 0.3 0.296 0.297 0.296
(0.008) (0.008) (0.008)
Bot - Bao 0.3 0.299 0.3 0.299
(0.009) (0.009) (0.009)
o 0.012 0.012
(0.000)
% -0.05 -0.049
(0.002)
'y - 0.641
(0.444)
b, ; -1.536
(1.956)
s : 2.209
(2.957)
b, . 1.119

(1.144)




Table 3. Treatment Parameters

Treatment Parameter Actual Values Estimated Values

Parametric Polynomial ~ SemiParametric 1 (LIV')  SemiParametric 2

Treatment on the Treated 0.254 0.258 0.279 0.261 0.261
(0.025) (0.043) (0.034) (0.034)

Treatment on the Untreated 0.185 0.189 0.128 0.158 0.158
(0.018) (0.042) (0.033) (0.033)

Average Treatment Effect 0.22 0.223 0.202 0.209 0.208

(0.015) (0.025) (0.021) (0.021)




Table 4. IV Estimates

Instrument Actual Values Estimated Values

TSLS Parametric Polynomial SemiParametric 1 SemiParametric 2

74 0.221 0.22 0.224 0.206 0.207 0.207

(0.002) 0.01) (0.02) 0.02) (0.02)

Zy 0.213 0.231 0.222 0.205 0.206 0.206

(0.007) 0.01) (0.02) 0.02) (0.02)

Pr(D=1|2,,2Z,) 0.219 0.221 0.224 0.207 0.208 0.210

(0.002) 0.01) (0.03) 0.02) (0.03)
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Figure 2. Comparison of Actual and Estimated IV Weights
Generalized Roy Model
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Notes: In each figure we present the actual and estimated IV weigths. The actual IV weigths are computed using the structure of the Generalized Roy model
described in the text. The estimated weigths on the other hand, are computed using the simulated data generated from the model. The sample size considered in

this example is 5000 observations. A detailed desctiption of the estimation method is presented in the text.



Figure 3. Comparison of actual and estimated Treatment Parameters
Generalized Roy Model

A. TT Weights B. TUT Weights Figure 3. ATE Weights
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Notes: In each figure we present the actual and estimated treatment parameter weights. Figure A depicts the comparison for the treatment on the

treated (E(Y1—-Y0|D=1)). Figure B presents the comparison for the treatment on the untreated (E(Y1—Y0|D=0)). Finally, Figure C presents the comparison
for the average treatment effect (E(Y1-Y0)). In cach case, the actual weigths are computed using the structure of the Generalized Roy model described

in the text. The estimated weigths on the other hand, are computed using the simulated data generated from the model. The sample size considered in

this example is 5000 observations. A detailed description of the estimation method is presented in the text.



Figure 4. Results using Different Approaches
Estimated Marginal Treatment Effects

5000 Observations
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Notes: In each figure we present the actual MTE, its estimate, and the associated confidence interval. The confidence interval is computed using 50
bootstraps. The first figure (up—left) presents the LIV estimator (semiparametric 1). The second figure (up—right) presents the results from the second
semiparametric approach presented in the text. The third figure (down—left) presents the results after approximating E(Y | P) by a fourth order polynomial.
The last figure (down—right) presents the results after assuming a parametric representation of the MTE. This representation is obtained by assuming that
the error terms in the model are normally distributed with means 0 and variances 1. A detailed desctiption of the four procedures is presented in the text.





