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Abstract

This paper examines the properties of instrumental variables (IV) applied to models with essential

heterogeneity, that is, models where responses to interventions are heterogeneous and agents adopt treat-

ments (participate in programs) with at least partial knowledge of their idiosyncratic response. We present

several empirical examples demonstrating the importance of unobserved heterogeneity in economic appli-

cations. For each empirical example we implement a simple test for the presence of essential heterogeneity,

we compare the IV estimates with other treatment parameters, and we analyze whether or not IV can be

used to provide meaningful answers to well-posed economic questions.
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1 Introduction

Recent research has highlighted the difficulty in using the traditional instrumental variables methods to

estimate treatment parameters in choice models. In particular, Heckman, Urzua, and Vytlacil (2006) show

that when there is selection on the gain to treatment, or essential heterogeneity, then IV does not in

general estimate any of the standard treatment parameters. In this paper, we seek to test for the presence

of essential heterogeneity in a variety of choice settings. If we fail to find evidence for such heterogeneity in

a given dataset, that suggests it may not be worthwhile for researchers to deal with the extra complications

arising from taking this heterogeneity into account. However, when we find evidence for selection on the

unobservables, it means that researchers should use caution in interpreting the results from IV methods.

Indeed, we do find evidence from a variety of datasets for the presence of heterogeneous gains to treatment.

Also, we discuss the properties of various tests for essential heterogeneity and present some results on the

power of these tests using simulated data.

2 Prototypical Model of Potential Outcomes

We consider a setting where there are two possible outcomes for an individual, Y1 or Y0. For example, the

outcome may be hourly wages and Y1 may correspond to the case where the individual is a college graduate

and Y0 to the case where the individual has only a high school diploma. Then we say the treatment effect

for this individual is given by Y1 − Y0. If we write

Y1 = µ1(X) + U1 (1)

Y0 = µ0(X) + U0

then we can write the treatment effect as

Y1 − Y0 = µ1(X)− µ0(X) + U1 − U0

where X is a vector of observable characteristics for the individual. It may happen that controlling for the

X, Y1−Y0 is the same for all individuals. This is the case of homogenous treatment effects given X. More

likely, individuals vary in their response to the treatment even after controlling for X. Ideally, we would
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estimate the entire distribution of Y1 − Y0 given X.1 Economists usually focus on various means of the

distribution, however.

3 OLS and IV under Essential Heterogeneity

Using the Quandt (1958) switching regression framework, we could think about trying to identify the

treatment effect using OLS or IV methods. Let D = 1 if the individual chooses Y1 and D = 0 if the

individual chooses Y0. Then the outcome we observe for an individual is

Y = DY1 + (1−D)Y0

= Y0 + (Y1 − Y0)D (2)

= µ0(X) + (µ1(X)− µ0(X) + U1 − U0)D + U0

Rewriting this in regression notation, where the subscript i corresponds to the observation for individual

i,

Yi = α+ βDi + εi (3)

where α = µ0(X), β = µ1(X) − µ0(X) + U1 − U0 and ε = U0. The case where β (given X) is the same

for every individual is the familiar one and we develop it first. A least squares regression of Y on D

(equivalently a mean difference in outcomes between individuals with D = 1 and individuals with D = 0),

is possibly subject to a selection bias. Individuals that choose the treatment may be atypical in terms

of their Y0 (= α + ε). Thus if individuals that would have done well in terms of unobservable ε (= U0)

even in the absence of the treatment are the ones that adopt the treatment, β estimated from OLS (or its

nonparametric version–matching) is upward biased because Cov(D, ε) > 0.

Two main approaches have been adopted to solve this problem: (a) selection models (Gronau (1974);

Heckman (1974, 1976a,b, 1979); Heckman and Robb (1985, 1986); Powell (1994)) and (b) instrumental

variable models (Heckman and Robb (1985, 1986); Imbens and Angrist (1994); Angrist and Imbens (1995);

Manski and Pepper (2000); Heckman and Vytlacil (1999, 2000, 2005)).

1See Carneiro, Hansen, and Heckman (2001, 2003), and the survey in Heckman, Lochner, and Todd (2006).
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For the case with homogeneous responses, if there is an instrument Z with the properties that

Cov(Z,D) 6= 0 (4)

and

Cov(Z, ε) = 0 (5)

then standard IV identifies β, at least in large samples:

plim β̂IV =
Cov(Z, Y )

Cov(Z,D)
= β.2

If other instruments exist, each identifies β. Z produces a controlled variation in D relative to ε. Random-

ization of assignment with full compliance with experimental protocols is an example of an instrument.

From the instrumental variable estimator, we can identify the effect of choosing the treatment for any

individual since all individuals respond to the treatment in the same way, controlling for their X.

However, it may be that even after conditioning on X there is still variation in β across individuals.

In this case, there may be another problem in addition to the selection bias described above. We say that

there is essential heterogeneity in response to the treatment if, after conditioning on the observables

X, we have Cov(β,D) 6= 0. This will be the case if there is sorting on the gain to treatment. That

is, if individuals make their decisions with at least partial knowledge of their idiosyncratic gain from the

treatment, then the model contains essential heterogeneity. Heckman, Urzua, and Vytlacil (2006) show

that in models with essential heterogeneity, standard instrument variables does not identify any meaningful

treatment parameters. Therefore, a test for the presence of essential heterogeneity is necessary in order to

determine whether IV can be used to recover a parameter that is meaningful to economists.

2The proof is straightforward. Under general conditions White (1984, see, e.g.),

plim β̂IV = β +
Cov(Z, ε)

Cov(Z,D)

and the second term on the right hand side vanishes.
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4 The Choice Model and the IV Approach

Let Z be a vector of instruments for D. We assume that choices are generated by a latent variable D∗,

where

D∗ = µD(Z)− V and D = 1(D∗ ≥ 0)

Then the propensity score, or choice probability is

P (z) = Pr(D = 1|Z = z) = Pr(µD(z) ≥ V ) = FV (µD(z))

where FV is the distribution of V , which is assumed to be continuous. P (z) is simply the probability that

an individual chooses Y1 when the instruments are fixed at value z. Note that because FV is a strictly

increasing function we can transform the latent variable which generates the choice as follows

D = 1(D∗ ≥ 0) = 1(µD(z) ≥ V )

= 1(FV (µD(z)) ≥ FV (V ))

= 1(P (z) ≥ UD)

where UD = FV (V ) is a Uniform[0, 1] random variable by construction.

Heckman and Vytlacil (2005) and Heckman, Urzua, and Vytlacil (2006) establish that the most fun-

damental treatment parameter is the marginal treatment effect (MTE), because all of the other treatment

effects can be determined as weighted averages of it. The MTE is defined, for a given value of X = x, as

MTE(x, v) = E(Y1 − Y0|X = x, V = v)

That is, it is simply the mean treatment effect when the observables X are fixed at a value x and the

unobservable V is fixed at a value v (the treatment effect still varies between individuals because of the

unobservables U1 and U0). Note that we can also express the MTE in terms of the uniform random variable

UD as

MTE(x, uD) = E(Y1 − Y0|X = x,UD = uD)
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The other means of the distribution of the treatment effect that are commonly used in the literature and

that we will consider are the average treatment effect (ATE) and the average effect of the treatment on

the treated (TT), which are defined as

ATE = E(Y1 − Y0) (6)

TT = E(Y1 − Y0|D = 1) (7)

Both of these treatment effects can also be defined conditional on a given value of the observables X. We

can now determine the implications of essential heterogeneity on the fundamental parameter, the marginal

treatment effect. Again, assume that the instruments Z satisfy the following standard assumptions:

(IV-1) Z ⊥⊥
¡
Y0, Y1, {D(z)}z∈Z

¢
where Z is the set of possible values of Z. (Independence)

(IV-2) Pr(D = 1 | Z) depends on Z (Rank).

Note that these are the same assumptions about the instruments that we used to show that IV identifies

the treatment effect in the homogeneous response case. Under these assumptions, we can write

E(Y |X = x,Z = z) = E(Y |X = x, P (Z) = p)

E(Y |X = x, P (Z) = p) = E(DY1 + (1−D)Y0|P (Z) = p,X = x)

= E(Y0|X = x) +E(D(Y1 − Y0)|X = x, P (Z) = p)

= E(Y0|X = x) +E(Y1 − Y0|X = x,D = 1)p

= E(Y0|X = x) +

Z p

0
E(Y1 − Y0|X = x,UD = uD)duD

This integrand is precisely the marginal treatment effect, MTE(x, uD) = E(Y1 − Y0|X = x,UD = uD). In

the absence of essential heterogeneity, we know that β ⊥⊥ D , that is (Y1 − Y0) ⊥⊥ D and therefore

E(Y |P (Z) = p,X = x) = E(Y0|X = x) +

Z p

0
E(Y1 − Y0|X = x,UD = uD)duD

= E(Y0|X = x) +E(Y1 − Y0|X = x)p

This says that E(Y |P (Z) = p,X = x) is linear in p in the absence of essential heterogeneity. However,

under essential heterogeneity, E(Y |P (Z) = p,X = x) will be a general nonlinear function of p. This
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implication will form the basis for our test.

Note also that, as shown in Heckman, Urzua, and Vytlacil (2006), the MTE can be found using their

so-called local instrumental variables (LIV), defined as

LIV =
∂E(Y |X = x, P (Z) = p)

∂p
= E(Y1 − Y0|X = x,UD = p)

Therefore, in the absence of essential heterogeneity, the LIV estimator will give the constant E(Y1−Y0|X =

x). So because all of the other treatment parameters we consider (ATE,TT and TUT) are all weighted

averages of the MTE, they will all be identical in that case.

5 Testing for Linearity

As we showed above, E(Y |P (Z) = p,X = x) will in general be some nonlinear function of the propensity

score p. We keep the conditioning on X implicit in what follows. We can write

E(Y |P (Z) = p) = h(p) (8)

for some general nonlinear function h(·). What we would like to do is allow for any possible functional

form for h(·) and test the parametric null hypothesis

H0 : h(p) = a+ bp for some a, b ∈ R

against the composite alternative

H1 : not H0

In implementing this test, we need to pick a specific alternative against which to test the null hypothesis of

linearity. We find that the most powerful alternatives are simple polynomials in p.3 That is, our alternative

specification (conditional on X) is

h(p) =
dX

j=0

φjp
j

3 In simulations with essential heterogeneity, we have tried testing against more general forms of nonlinearity, such as local
linear regression and splines, but find that such tests have very low power.
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Then the test for linearity is simply a test of

H0 : φj = 0 for j = 2, . . . , d

H1 : not H0

5.1 Implementing the Test of Linearity

The issues we face in implementing our test are how to condition on theX variables, and how to estimate the

propensity scores, P (Z). Ideally we would fully stratify the data by X values and estimate E(Y |P (Z) = p)

for each stratum separately. However, none of our data is rich enough to do this, given the number of

controls X, which we would like to include. Therefore, we choose to incorporate the controls linearly and

estimate the alternative specification as

Yi = Xiβ0 +Xi(β1 − β0)P (Zi) +
dX

j=1

φjP (Zi)
j + εi (9)

To see the rationale for the interaction between X and P note that we can write

E(Y |P (Z) = p,X = x) = E(Y0|P = p,X = x) +E(D(Y1 − Y0)|P = p,X = x)

= µ0(x) + (µ1(x)− µ0(x))p+E(U0|P = p,X = x) +E(U1 − U0|P = p,X = x)p

= xβ0 + x(β1 − β0)p+ κ(p)

where the last equality comes from the IV independence assumption and the assumption that the µ’s are

linear in X. Our test then becomes a test of whether κ(p) is linear in p.

We choose to estimate the propensity scores using a probit, because we find that the results are relatively

robust to the estimation method.

In order to proceed systematically with the test for linearity, we propose a simple sequential method.

That is, we suggest starting with just a linear term in P , then adding a quadratic term, then a cubic

term, etc. If, after adding a quadratic term, one is already able to reject linearity, then one can stop and

take that as evidence of essential heterogeneity. If not, then one can add a cubic term in P and test for

both the significance of that term individually, as well as the joint significance of the quadratic and cubic

terms. If either or both are significant, this provides some evidence of unobserved heterogeneity. Then,
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continuing in this manner, we could potentially add ever higher degrees in P , however, the variance in

the estimates quickly becomes very large. In practice, if using ordinary polynomials, the regression will

fail due to collinearity of the higher order terms in P if the degree of the polynomial is high. In order to

avoid this collinearity, we could use orthogonal polynomials, but we have found that it is unnecessary to

use polynomials of degree high enough that collinearity becomes an issue. The variance in the estimates

becomes large before the collinearity occurs.

Inherent in our test of linearity is the standard bias-variance tradeoff. That is, as we increase the

number of polynomial terms we expect to get a more accurate approximation to the true MTE, however

the standard errors will eventually begin increasing. In order to help choose, then, the optimal number

of polynomial terms to include, we suggest constructing a nonparametric (or semiparametric) estimate of

the MTE to use as a reference. While it is unlikely that a test of linearity on this nonparametric estimate

directly would be able to reject linearity, it is useful to see how close the polynomial approximations are

to this more flexible estimate. In our estimation below, we use a local polynomial approximation as our

flexible functional form to which we compare our polynomial estimates.

The statistical tests we use to test the coefficients in our regressions are t-tests and Wald tests. To get

standard errors of the coefficients, we bootstrap 50 times and reestimate the propensity scores P , as well

as the outcome equation E(Y |P (Z) = p) in each bootstrap sample. We then use t-tests to test for the

significance of individual coefficients and Wald tests to test for the joint significance of all of the nonlinear

terms in P .

5.2 Testing for Heterogeneity Using LATE

Another way to test for the linearity of E(Y |P (Z) = p) in p is to use the local average treatment effect

(LATE) parameter of Imbens and Angrist (1994). This parameter is defined for an instrument Z as

LATE(z0, z) =
E(Y |Z = z0)−E(Y |Z = z)

Pr(D = 1|Z = z0)− Pr(D = 1|Z = z)

This measures the average treatment effect of those who are induced to switch into treatment by a shift

in the Z variables from z to z0 (under the uniformity assumption). Vytlacil (2002) shows that this can be

written as

LATE(u0D, uD) =
E(Y |P (Z) = u0D)−E(Y |P (Z) = uD)

u0D − uD
(10)
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This means that LATE is measuring the secant between two points on the E(Y |P (Z) = p) curve. Clearly,

if E(Y |P (Z) = p) were linear then LATE(v, w) would be the same for any points v, w ∈ Supp(P (Z)).

Therefore, another testable implication of the absence of essential heterogeneity is the equality of LATE

at all evaluation points in the support of P .

In practice, however, estimating the LATE over different intervals is difficult because it involves forming

conditional expectations where we are conditioning on the value of a continuous variable (the propensity

score). Doing so would require nonparametric methods that would likely have poor properties in the rela-

tively small samples we are dealing with. In particular, they have poor power for the tests we are interested

in because of large standard errors. We could think about modeling the expectations parametrically, and

in particular using the polynomials that we used for the MTE. However, if we fit a global polynomial to

model E(Y |P ) then when we restrict ourselves to comparing the estimates over two subintervals we get a

biased estimate of the difference in LATEs.

Therefore, we take a different approach to test for heterogeneity using LATEs. We know, as shown

in Heckman, Urzua, and Vytlacil (2006), that the linear IV estimator is just a weighted average of the

MTE with weights integrating to 1. In particular, if we use the propensity score as an instrument then

the weights are always positive. Therefore, we consider forming an IV estimate using just the data from

a given interval of our propensity score. This estimate will be some weighted average of the MTE (in

the population, in actuality it is a weighted average of LATEs). If we form another IV estimate over a

different interval of P that will be a weighted average of a different portion of the MTE. However, the

absence of essential heterogeneity implies that these IV estimates must be the same, because they are both

weighted averages of the same quantity with weights summing to 1. This suggests a test of equality of the

IV estimates across different intervals of P as a way to test for essential heterogeneity.

To implement this test we form, for two specified intervals [p
1
, p1] and [p2, p2],

IV
³
p
1
, p1

´
=

Cov
³
Y, P (Z) | P (Z) ∈ [p

1
, p1]

´
V ar

³
P (Z) | P (Z) ∈ [p

1
, p1]

´
IV
³
p
2
, p2

´
=

Cov
³
Y, P (Z) | P (Z) ∈ [p

2
, p2]

´
V ar

³
P (Z) | P (Z) ∈ [p

2
, p2]

´
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and then test

H0 : IV
³
p
1
, p1

´
= IV

³
p
2
, p2

´
H1 : IV

³
p
1
, p1

´
6= IV

³
p
2
, p2

´

Because there is estimation error from two stages (estimating P (Z) and constructing this IV estimate), we

bootstrap the difference between these estimates and check whether 0 lies in the tail of our bootstrapped

distribution of the difference between the estimates. In practice, we use the intervals [0, pmed] and [pmed,1]

where pmed is the median of P (Z) in the overall sample.

6 The Power of the Tests

The absence of essential heterogeneity has a number of testable implications, and therefore there are a

wide variety of possible tests which we could carry out. Above, we developed two tests which we chose

for their analytic simplicity and their ease of implementation. However, it remains to be seen whether

these tests have any power — that is, whether they are able to reject false null hypotheses. Clearly, there

are many variables on which the power of the tests will depend and in this section we hope to exposit

some of that dependence. In our simulation results, which we present below, we find that sample size and

the variance of the instrument are both very important in how well these tests perform. In particular,

large sample sizes help the tests immensely, and a large variance of the instrument relative to the variance

of the unobservable in the choice equation also improves the power of the test. The intuition behind

both of these results is fairly straightforward. In this section we provide the results of carrying out our

tests on simulated data which is generated from a fairly restrictive model — namely the Generalized Roy

Model, where all errors are normal. However, we simply use this as our base case because it allows for

the simple parameterization of essential heterogeneity. It lets us show how the power of the tests varies

with a one-dimensional index, where that index is a simple function of variances and covariances of the

unobservables in the model.

Our simulated data is generated from the same model given above, but with the unobservable terms
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restricted to be normal. That is, our potential outcomes are

Y0 = α0 + β10X1 + β20X2 + U0

Y1 = α1 + β11X1 + β21X2 + U1

and our choice equation is

D = 1(αd + βdZ ≥ V )

where ⎛⎜⎜⎜⎜⎝
U1

U0

V

⎞⎟⎟⎟⎟⎠ ∼ N

⎛⎜⎜⎜⎜⎝
0

0

0

,

⎛⎜⎜⎜⎜⎝
σ21 σ10 σ1V

σ10 σ20 σ0V

σ1V σ0V σ2V

⎞⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎠

We also generate the regressors and the instrument as normal random variables with distribution

⎛⎜⎜⎜⎜⎝
X1

X2

Z

⎞⎟⎟⎟⎟⎠ ∼ N

⎛⎜⎜⎜⎜⎝
0

0

0

,

⎛⎜⎜⎜⎜⎝
σ2X1

σX1X2 σX1Z

σX1X2 σ2X2
σX2Z

σX1Z σX2Z σ2Z

⎞⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎠

In this model, the marginal treatment effect is given by

MTE(X = x, P (Z) = p) = (α1 − α0) + (β11 − β10)X1 + (β21 − β20)X2 +
σ1V − σ0V

σV
Φ−1(p)

where Φ−1(·) is the inverse of a standard normal CDF. Therefore, the amount by which the MTE will

vary in p depends solely on the term σ1V−σ0V
σV

. We can rewrite this term as ρ1V σ1 − ρ0V σ0 where ρ1V is

the correlation between U1 and V and ρ0V is the correlation between U0 and V . It is this index which lets

us vary the degree of heterogeneity of treatment effects and trace out the power function in this dimension.

This number also gives us a reference point for the degree of heterogeneity that exists in our real datasets.

Notice that this model imposes some strong assumptions, including that the MTE is monotone in p, but

we can estimate this selection term in our datasets and compare it to the power we have calculated from

this base case model to get an idea of why we may or may not be able to reject the hypothesis of no

essential heterogeneity.

To calculate the power of our tests we need to know the distribution of the test statistics under the
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null hypothesis and under various alternative hypotheses. Because of the multiple steps in our estimation

procedure, calculating asymptotic standard errors is difficult and prone to error. Therefore, we form the

distributions of the test statistic using the nonparametric bootstrap. The test we are using in both the

test of linearity and the testing using LATE is a Wald test. Therefore, we know that, asymptotically,

the test statistic has a χ2k distribution when we are testing k restrictions. However, in order to get the

distribution of the test statistic under the alternative hypothesis (of essential heterogeneity), we need to

somehow restrict the form of heterogeneity and completely specify the data generating process. In our

model, we can parameterize the amount of heterogeneity using the term ρ1V σ1− ρ0V σ0 and hence we also

know that under the null hypothesis ρ1V σ1 − ρ0V σ0 = 0. Therefore, for our model we can also simulate

the exact distribution of the test statistic under the null using a bootstrap procedure. So our test becomes

H0 : Generalized Roy model with ρ1V σ1 − ρ0V σ0 = 0

H1 : Generalized Roy model with ρ1V σ1 − ρ0V σ0 = k

with σ1 and σ0 fixed. We use this bootstrap procedure and a grid of alternative values for k to trace

out the power function for each of our tests in the one dimension of this index. We calculate the power

functions using both the exact distribution of the test statistic under the null and the asymptotic (χ2)

distribution of the test statistic under the null.

6.1 Polynomial Test

First, we calculate the power of the simple test of the linearity of E(Y |P (Z) = p) in p given above. The

test consists of regressing Y on X, X interacted with P (Z) and a polynomial in P (Z) and testing for the

joint significance of the coefficients on the nonlinear terms in P (Z). As described above, because with

our model the data generating process is completely specified under the null, we can simulate the exact

distribution of the test statistic under the null hypothesis. The procedure for doing this is:

1. Generate data under the parameterization such that ρ1V σ1 − ρ0V σ0 = 0.

2. Sample N observations with replacement from the empirical distribution of the data.

3. Estimate bP (Z∗i ) using a probit.
4. Run OLS on Y ∗i = X∗

i β0 +X∗
i (β1 − β0) bP (Z∗i ) +PJ

j=1 φj
bP (Z∗i )j + εi
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5. Form V ∗, a Huber-White robust estimator of the covariance matrix of the parameters.

6. Form the test statistic W ∗ = φ0 [RV ∗R0]−1φ, where φ is the vector of coefficients on the nonlinear

term of bP (Z∗i ) and R is the (J − 1)× k restriction matrix that picks out the coefficients on nonlinear

terms of bP (Z∗i ).
7. Repeat steps two through six 1,000 times.

8. Find the 0.95 quantile of the distribution of W ∗ from the bootstrap samples, call this critical value

c∗0.95.

Then, for a given alternative hypothesis (k), the procedure to calculate the power of the test is:

1. Generate data under the parameterization such that ρ1V σ1 − ρ0V σ0 = k.

2. Repeat steps two through six from above 500 times — in each iteration calculating the test statistic

W ∗
alt.

3. For the power using the exact distribution of under the null, calculate the proportion of bootstrap

samples in which W ∗
alt > c∗0.95.

4. For the power using the asymptotic χ2 distribution under the null, calculate the proportion of the

bootstrap samples in which W ∗
alt > Qχ2J−1

(0.95) where Qχ2k
(τ) is the τ -quantile of a χ2 distribution

with k degrees of freedom.

The results of these calculations for a quadratic polynomial in P are given in Figures 1 and 2, while

the calculations for a cubic polynomial are given in figures 3 and 4. Figures 1 and 3 show how the power

functions varying across different sample sizes, but holding the other parameters fixed, and figures 2 and 4

hold all of the parameters fixed, including the sample size and just vary the variance of the instrument. We

can see from these figures that both a large sample size and a large explanatory power of the instrument

(which in our case is a large variance of the instrument relative to the unobservable in the choice equation)

are both necessary in order to have reasonable power.

6.2 LATE/IV Test

Calculating the power of the test using linear IV over separate intervals of the instrument is carried out in

a similar way. The model and assumptions we are using for our power calculations imply that the correct
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specification of an IV regression has as its dependent variable Y and has exogenous independent variables

X and endogenous independent variables X ∗ D. The optimal instrument for the endogenous variables

X ∗D is X ∗ P (Z). Therefore, when trying to test whether the IV estimate using just observations with

P (Z) below the median is different from the IV estimate using observations with P (Z) above the median,

the procedure we use to calculate the exact distribution of the test statistic under the null is:

1. Generate data under the parameterization such that ρ1V σ1 − ρ0V σ0 = 0.

2. Calculate the median of the propensity scores in the simulated data pmed = QF (0.5).

3. Sample N observations with replacement from the empirical distribution of the data, bF .
4. Estimate bP (Z∗i ) using a probit.
5. Regress X ∗D on X ∗P (Z) and X ∗P (Z)∗1(P (Z) > pmed) and calculate the fitted values, call themdXD. Regress X ∗D ∗ 1(P (Z) > pmed) on X ∗ P (Z) and X ∗ P (Z) ∗ 1(P (Z) > pmed) and calculate

the fitted values, call them dXD
+
.

6. Regress Y on X, X ∗ 1(P (Z) > pmed) and the fitted values dXD and dXD
+
.

7. Call γ the vector of coefficients on dXD, which are the IV estimate using observations below the

median, and γ the vector of coefficients on dXD plus the vector of coefficients on dXD
+
, this will be

the IV estimate using observations above the median.

8. Form V ∗, a Huber-White robust estimator of the covariance matrix of the parameters.

9. Form the test statistic W ∗ = (γ − γ)0 [RV ∗R0]−1 (γ − γ) where R is restriction matrix that selects

the relevant terms of the covariance matrix.

10. Repeat steps two through nine 1,000 times.

11. Find the 0.95 quantile of the distribution of W ∗ from the bootstrap samples, call this critical value

c∗0.95.

Then, for each alternative hypothesis, the procedure to calculate the power of the test is:

1. Generate data under the parameterization such that ρ1V σ1 − ρ0V σ0 = k.
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2. Repeat steps two through nine above 500 times — in each iteration calculating the test statistic W ∗
alt.

3. For the power using the exact distribution of under the null, calculate the proportion of bootstrap

samples in which W ∗
alt > c∗0.95.

4. For the power using the asymptotic χ2 distribution under the null, calculate the proportion of the

bootstrap samples in which W ∗
alt > Qχ2

dim(X)
(0.95) where Qχ2k

(τ) is the τ -quantile of a χ2 distribution

with k degrees of freedom.

Finally, we also calculate the power of a test for whether the IV estimates above and below the median

differ, but based on a specification which does not include all of the X ∗D interactions. This specification

just regresses Y on X and D and instruments D with P (Z). The power functions for these two methods

are shown in Figures 5 through 8. Figures 5 and 6 show the calculations for the correctly specified model

with all of the X ∗ D interactions and figures 7 and 8 show the calculations for the misspecified model

where we do not include the X ∗D interactions and only instrument for D. As in the previous figures,

the first set show the power functions vary across different sample sizes, while the second set show how the

power functions varying with the explanatory power of the instrument. The results are fairly similar to the

results for the polynomial test and show that both sample size and explanatory power of the instrument

are crucial.

7 Applying the Tests to the Data

We implement our method of testing for essential heterogeneity in a wide variety of settings to show

how ubiquitous the concept is. We consider some examples from labor economics, including the choices of

college graduation, high school graduation, GED certification, and union membership, as well as an example

from education, namely the effect of school vouchers on test scores. This section implements the method

described above, uses this method to estimate the basic structural parameter — the marginal treatment

effect (MTE), and discusses some of the difficulties in recovering other treatment effects, especially through

the use of instrumental variables (IV). Table 1 presents summary statistics from the subsample of the PSID

which we use for the union data, and Table 2 presents the summary statistics from the different subsamples

of the NLSY79 which we use in the schooling examples.
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THIS SECTION HAS NOT YET BEEN UPDATED TO REFLECT THE LATEST

RESULTS.

7.1 School Vouchers

A topic that has been the subject of much recent research is the effect of school vouchers on school

quality. In particular, Chile implemented reforms in 1981 and again in 1996 which changed the structure

of schooling in that country. The 1981 reforms decentralized the administration of public schools, and

established certain privately-run schools which received a fixed per-pupil payment from the government.

There are many nuanced aspects to this system which need to be considered carefully, however, we are

merely trying to show how an analyst might naively draw the wrong conclusions based on standard methods.

See McEwan (2001) for a more detailed description of the Chilean educational system. We will consider

the question of whether attending a voucher school rather than a public school increases a student’s test

scores. Our data for this application comes from the Sistema de Medición de la Calidad de la Educación

(SIMCE), which is a national standardized test administered once a year to students entering the 4th grade,

the 8th grade and the 10th grade. We have data on 56,213 individual students.

The binary choice in this setting is whether a student attends a voucher school (D = 1) or a public

school (D = 0). In our first stage we run a probit of voucher school attendance on the following independent

variables (Z): number of family members in the household, the quality of the infrastructure of the school,

indicators for various household income categories, mother’s highest grade completed, father’s highest

grade completed, and region indicators. We use the fitted values from this probit as our estimates of the

propensity score P (Z).

The test we are using as our outcome measure has two components — a math score and a verbal score.

We define as our outcome the average of the two scores. Once we have our estimated propensity scores, we

regress the outcome on the following controls (X) in addition to polynomial terms in the propensity score

P : gender, mother’s age, father’s age, indicators for various household income categories, mother’s highest

grade completed, father’s highest grade completed, indicators for the number of books in the household,

whether the child attended a preschool, how hard the child studies, whether the child has a job, whether

the parents attend meetings with the child’s teachers, whether the parents regularly communicate with

the child’s teachers, whether the parents participate in the schooling of the child, whether the child’s

school helps economically disadvantaged students, whether the child’s math teacher adequately prepared
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the child, whether the child’s language teacher adequately prepared the child, an indicator for urban, and

region indicators.

Our test for essential heterogeneity, as described in Section 5, is implemented by estimating (9) where

Z is our vector of instruments and X is our vector of individual characteristics (plus a constant term). We

estimate (9) using varying degrees of polynomials in P , from 2 to 5. We report the results for the tests for

the significance of the individual higher order terms as well as the joint test of the significance of all higher

order terms in Panel A of Table 4 for the two outcomes. We can see that all of the specifications provide

fairly significant evidence against linearity, although the 5th degree polynomial would only reject at the

10% level. The fitted values from the 5th degree estimate and the 4th degree estimate are very similar,

so we see the higher p-value for the 5th degree estimate as evidence that by the at that point we have

gone too far for the optimal bias-variance tradeoff. These low p-values give strong evidence for essential

heterogeneity, or selection on the gains, in voucher school choice in Chile. We have even more evidence,

however, coming from the test on the equality of LATEs.

Panel B of Table 4 presents the p-values from the pairwise tests for the equality of LATEs across

different intervals. These tests are from the LATEs calculated using the fourth degree in P estimate of

E(Y |P (Z) = p). The intervals that we use are the deciles of the distribution of our estimated propensity

scores, P (Z). Using bootstrap standard errors for the fitted values of E(Y |P (Z) = p) we can test whether

the LATEs over different intervals were drawn from the same distribution. In particular, we compare all

pairs of intervals and then use a Bonferroni adjustment to account for the fact that we are testing multiple

hypotheses. As we can see, nearly all of the pairwise tests reject equality of the LATEs, which provides

further evidence that the gains to voucher schools vary with the propensity score. An F-test for the joint

equality of all of the LATEs gives a p-value of 0.0000 for each of the outcomes.

In order to see the effect of this essential heterogeneity, we can estimate the common treatment effects,

ATE and TT, and see how they compare to the results found using OLS or IV. We can calculate the

treatment effects as weighted averages of our estimates of the MTE, by using the weights given in Heckman

and Vytlacil (2005). Because our estimate of the MTE will differ based on the number of polynomial

terms used to estimate E(Y |P (Z) = p), our estimates of the treatment effects will also differ based on

the degree of this polynomial. We give the estimates for the different degrees of polynomial in Panel C

of Table 4. In that table we also show the estimate obtained using standard IV, namely the ratio of the

covariances, described above with P as our instrument, as well as the IV estimate found using the implicit
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weight that the IV estimator is placing on the MTE. These two estimates differ not only because our

estimate of the MTE is not exact, but also because the weights themselves are merely an estimate.

Notice that depending on the procedure used, the estimates of the “effect” of voucher schools will vary

widely. If we simply take the difference between the mean test score for the voucher schools and the mean

test score for the public schools we get an effect of 17.5933 (the tests are standardized to get have a mean

of 250 and a standard deviation of 50). Once we control for various characteristics of the students (X),

however, the OLS estimate drops to 7.5377. If we instrument for voucher school attendance with our

instruments Z, then running two-stage least squares gives an effect of 27.7239. If we first estimate the

propensity scores, P (Z), and then use those as an instrument, we get an effect of 25.9592, as seen in Panel

C of Table 4. The rest of Panel C of Table 4 gives the estimates of the other treatment effects which we

consider (ATE and TT) and we can see that the IV estimate is not generally capturing either.

The fitted values of E(Y |P = p,X = x) for the mean X and it’s derivative (MTE(p, x)) at the mean

X, using the specification with a fourth degree polynomial in P , are plotted in Figure 1 for the average test

scores. Also, Figure 1 plots the weights that the IV estimate (using P (Z) as an instrument) is implicitly

placing on the MTE. Finally, the last panel in Figure 1 shows the histogram of propensity scores, where

we can see that in this case we have nearly full support.

THIS SECTION HAS NOT YET BEEN UPDATED TO REFLECT THE LATEST

RESULTS.

7.2 Union Membership

There is a long literature focusing on the effect of unionism on wages. We focus on replicating, as closely

as possible, the analysis of Lee (1978), which used data from the Survey of Economic Opportunity of 1967.4

In our study we use instead the Panel Study on Income Dynamics (PSID) at a cross-section in 1988.5 In

this setting, the outcome variable is (log) weekly wages and the binary choice that agents face is whether

to be a union member or not. In our sample, we include only men between the ages of 18 and 65 who are

not enrolled in school and who worked at least one week in the previous year. This gives a sample size of

N = 4, 081 (out of a total PSID sample size that year of 7,114).

4See also Farber (1983), Duncan and Leigh (1985) and Robinson (1989) for other studies of unionism.
5We choose 1988 because the sample size is relatively large in that year, but the results seem to be fairly similar across

years.
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The first stage is a probit of union membership on a variety of worker characteristics. In our specifica-

tion, D = 1 if the individual reports being a union member and D = 0 if he is not a union member, and the

independent variables (Z) are indicators for residence in the northeast, midwest, south, and a metropol-

itan area of at least 250,000; indicators for years of education categories: 1 to 7 years, 9 to 11 years, 12

years, and 13 or more years; experience, experience squared, and indicator for white; indicators for having

worked 1 to 26 weeks in the previous years and 48 to 52 weeks in the previous year; and indicators for the

occupations: mining, construction, manufacturing durable goods, and manufacturing non-durable goods.

The variables are chosen to match as closely as possible with those chosen by Lee (1978). We take the

fitted values from this probit and use these as our estimates of the propensity score, P (Z).

We then regress log weekly wages on the following controls (X), plus polynomial terms in P : indicators

for residence in the northeast, midwest, south, and a metropolitan area of at least 250,000; indicators for

years of education categories: 1 to 7 years, 9 to 11 years, 12 years, and 13 or more years; experience,

experience squared, and indicator for white; and indicators for having worked 1 to 26 weeks in the previous

years and 48 to 52 weeks in the previous year. Note that in this case the X variables are identical to the

Z variables except the X does not include occupations.

Our test for essential heterogeneity, as described in Section 5, is implemented by estimating (9) where

Z is our vector of instruments and X is our vector of individual characteristics (plus a constant term).

We estimate this for varying degrees of the polynomial in P and Panel A of Table 5 gives the p-values of

our test for different degrees of the polynomial. We can see that only once we have added a cubic term

can we reject the linearity of E(Y |P = p). However, once we add that cubic term, the results are highly

significant and we can see that adding higher order polynomial terms only makes the estimates less precise.

The second test for linearity is that of the equality of the local average treatment effect (LATE) over

the support of P . The intervals over which we calculate LATE are the deciles of distribution of the

estimated propensity score. Using bootstrap standard errors for the fitted values of E(Y |P (Z) = p) we

can test whether the LATEs over different intervals were drawn from the same distribution. In particular,

we compare all pairs of intevals and then use a Bonferroni adjustment to account for the fact that we are

testing multiple hypotheses. Panel B of Table 5 provides the p-values from these pairwise tests. Also, an

F-test for the joint equality of the means of the LATEs gives a p-value of 0.000.6

6We refrain from interpreting the results of these tests as overwhelming evidence of heterogeneity, because in some simula-
tions without essential heterogeneity, these tests still rejected linearity. These tests do, however, provide some extra evidence
of nonlinearity.
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We discussed above how economists are usually interested in various means of the distribution of

individual treatment effects. However, with a limited support of the propensity score, as is the case with

our unionism data, we will be unable to calculate one of our desired mean treatment effects — ATE. In

order to recover ATE, we need the support of P (Z) to be the entire unit interval, which we can see from

the histogram, it is not. Using the weights on the MTE from Heckman and Vytlacil (2005) makes it

explicit that using our data with limited support we will be unable to recover either of these parameters.

The problem manifests itself in general both in our inability to calculate the MTE outside of the support

and our inability to calculate the weights that would be needed to find the treatment effects (in the case

of ATE, however, we know the weights are 1). However, because we are simply using polynomials to

estimate E(Y |P ) (and hence polynomials to estimate the MTE), we can extrapolate the MTE outside of

the support of P , but these estimates of the MTE are not valid. These will allow use to estimate what

we call the empirical ATE, which again will not be valid because of the extrapolation of the MTE. Panel

C of Table 5 gives the estimated treatment effects found by weighting the MTE according to the weights

in Heckman and Vytlacil (2005). In addition, Panel C gives the estimates found using traditional IV

(the ratio of covariances described above), as well as the IV estimate found using the weights. These two

IV estimates differ not only because of the inexact estimates of the MTE, but also because the weights

themselves are estimated.

Looking at these treatment parameters we can see the danger in trying to calculate parameters that

depend on the MTE outside of the support of P . For example, the ATE weights the MTE equally over the

whole interval, but because in the upper part of the unit interval, that MTE is simply extrapolated from

the support of P , it leads to ridiculous values.

The fitted values of E(Y |P = p,X = x) for the mean X and it’s derivative (MTE(p, x)) at the mean

X, using the quadratic in P specification, are plotted in Figure 2. Also, Figure 2 plots the weights that

the IV estimate (using P (Z) as an instrument) is implicitly placing on the MTE. Finally, the histogram

of propensity scores in Figure 2 shows the limited support of P .

THIS SECTION HAS NOT YET BEEN UPDATED TO REFLECT THE LATEST

RESULTS.
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7.3 GED vs. High School Dropout

Another choice setting we consider is whether or not an individual chooses to receive a GED. Need

a reference here to something. The data we use for this application comes from the National

Longitudinal Survey of Youth 1979 (NLSY79). We include only 30-year-old men from the “core” sample.

We say that D = 1 if the individual is a GED recipient and D = 0 if the individual is a high school dropout.

All other education categories are excluded. This leads to a sample size of 409. As our outcome variable,

we use an average of log weekly wages at ages 29, 30 and 31.

In our first step, we estimate the propensity scores using a probit with D as the dependent variable

and the following variables as independent variables (Z): standardized AFQT score, father’s highest grade

completed, mother’s highest grade completed, number of siblings, family income in 1979, cost of GED,

wages of local high school dropouts, unemployment of local high school graduates, indicators for black,

hispanic, residence in the south at age 14, residence in an urban area at age 14 and year of birth indicators.

We form our propensity scores, P , as the fitted values from this probit. Then, we regress the outcome

variable on polynomial terms in P , in addition to the following controls (X): job tenure, job tenure squared,

experience, standardized AFQT score, standardized noncognitive test scores, highest grade completed, and

indicators for black, hispanic and being married.

Again we implement our test for linearity by estimating (9) using the X controls and Z instruments

described above. Panel A of Table 6 shows the p-values resulting from these tests for specifications of (9)

with varying degrees of the polynomial. As we can see, in this case we need to add a cubic term in P

before we see any significance of the nonlinear terms in P . Even though in the cubic specification neither

the quadratic nor the cubic terms is individually significant, the joint test on both is fairly significant (at

the 10% level), which we interpret as reasonable evidence for the existence of essential heterogeneity.

As above, we can also test for the equality of the LATE over different intervals in the support of P .

The intervals over which we calculate LATE are the deciles of distribution of the estimated propensity

score. We test for the equality of the LATEs calculated using the cubic specification over these intervals

and we report the p-values from these tests in Panel B of Table 6. Also an F-test for the joint equality of

the LATEs has a p-value of 0.0000.

Because in this data we have near full support of P (Z) over the unit interval we can estimate all of

the traditional treatment parameters using the weights from Heckman and Vytlacil (2005). We use the

21



approximate MTE calculated as the derivative of our polynomial estimate of E(Y |P ) to get the estimates

of the treatment effects. Because we are only using approximations to the MTE, our estimates of the

treatment effects differ depending on the degree of the polynomial used to estimate E(Y |P ). Also, we

calculate the IV estimate using both the traditional ratio of covariances described above and using the

weights from Heckman and Vytlacil (2005). These two IV estimates differ not only because of the inexact

estimates of the MTE, but also because the weights themselves are estimated. Panel C of Table 6 reports

these estimated treatment effects.

The fitted values of E(Y |P = p,X = x) at the mean X and the MTE(p, x) at the mean X, using the

cubic specification, are plotted in Figure 3. In addition, Figure 3 plots the weights that IV is implicitly

placing on the MTE, as well as histogram of the estimated propensity scores.

THIS SECTION HAS NOT YET BEEN UPDATED TO REFLECT THE LATEST

RESULTS.

7.4 High School Diploma vs. High School Dropout

Another choice setting of interest in labor economics is the return to a high school education. See Katz

and Autor (1999) and Card (2001) for extensive treatments of the topic. For this application, we again use

data from the NLSY79. We include only 30-year-old men from the “core” sample. We say that D = 1 if an

individual’s highest level of education is a high school diploma and D = 0 if the individual is a high school

dropout (not a GED recipient). This gives a sample size of 1083. The outcome variable is the average of

log hourly wages at ages 29, 30, and 31.

In order to estimate the propensity scores, we run a probit of D on the following independent variables

(Z): standardized AFQT score, father’s highest grade completed, mother’s highest grade completed,

number of siblings, family income in 1979, wages of local high school dropouts, wages of local high school

graduates, unemployment of local high school dropouts, unemployment of local high school graduates,

indicators for black, hispanic, residence in the south at age 14, residence in an urban area at age 14 and

year of birth indicators.

Using the fitted values from this probit we form our estimates of the propensity score, P (Z). We

then regress the outcome variable on polynomials in P plus the following regressors (X): job tenure, job

tenure squared, experience, standardized AFQT score, standardized noncognitive test scores, highest grade
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completed, and indicators for black, hispanic and being married.

Again we implement our test by estimating (9) for different degrees of the polynomial in P . Table

7, panel A, contains the results from these tests on this data. As we can see, these tests do not reject

the null hypothesis of linearity of E(Y |P = p) for any of the polynomials of degree 2 to 5. This means

that we cannot rule out the constant-MTE case and so it may not be necessary to deal with the additional

complications of incorporating the essential heterogeneity.

The other test for linearity is the test of the equality of the LATEs over various intervals. The intervals

over which we calculate LATE are the deciles of distribution of the estimated propensity score. The

p-values from these tests are given in panel B of Table 7 and many of them do indeed reject equality. Also,

an F-test for the the joint equality of means of the LATEs for any of the specifications gives a p-value of

0.000.7

Using the approximate MTE calculated above we can calculate the various treatment parameters by

weighting the MTE by the weights given in Heckman and Vytlacil (2005) to get the treatment effects listed

in panel C of Table 7.

The fitted values of E(Y |P = p,X = x) for the mean X and it’s derivative (MTE(p, x)) at the mean

X, for the quadratic in P specification, are plotted in Figure 4. In addition, we give the weights that IV

is implicitly placing on the MTE, and the histogram of estimated propensity scores.

THIS SECTION HAS NOT YET BEEN UPDATED TO REFLECT THE LATEST

RESULTS.

7.5 College Degree vs. High School Diploma

Finally, we test for essential heterogeneity in the decision of whether or not to graduate from college. The

data comes from the NLSY79. We include only 30-year-old men from the “core” sample. We consider

D = 1 if the individual is a college graduate and D = 0 if the individual’s highest educational attainment

is a high school diploma. This leads to a sample with 1335 observations. As our outcome variable we use

the average of log wages at ages 29, 30 and 31.

In the first stage we run a probit of D on the following independent variables (Z): standardized

AFQT score, father’s highest grade completed, mother’s highest grade completed, number of siblings,

7Note the previously-mentioned caveat about interpreting these LATE rejections too strongly because some simulations
indicate they may reject even in the absence of heterogeneity.
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family income in 1979, wages of local high school graduates, wages of local some college, wages of local

college graduates, unemployment of local high school graduates, unemployment of local some college,

unemployment of local college graduates, indicators for black, hispanic, residence in the south at age 14,

residence in an urban area at age 14 and year of birth indicators.

As our estimates of the propensity score, P (Z), we use the fitted values from this probit. Using those

fitted values, we regress the outcome variable on polynomials in the propensity score in addition to the

following control variables (X): job tenure, job tenure squared, experience, standardized AFQT score,

standardized noncognitive test scores, highest grade completed, and indicators for black, hispanic and

being married.

We test for linearity by estimating (9) using this college data, for varying degrees of the polynomial

in P . Panel A of Table 8 gives the p-values from the tests of nonlinearity described above. As we can

see from the table, after adding only a quadratic term in P the test is able to strongly reject the linearity

of E(Y |P = p). We can interpret this as evidence of the fact that individuals are selecting into college

based on their idiosyncratic gains from college. This means that the MTE is not constant and IV will not

identify any meaningful treatment parameter.

We also test for essential heterogeneity by testing the equality of the LATEs across different intervals

in the support of the propensity score, P . The intervals over which we calculate LATE are the deciles

of distribution of the estimated propensity score. Comparing each pair of LATEs, using the quadratic

specification, leads to the p-values reported in panel B of Table 8. Also, an F-test for the equality of means

of the LATEs gives a p-value of 0.000. These tests provide more evidence of the essential heterogeneity in

this choice setting.

Using the approximate MTE calculated above we can calculate the various treatment parameters by

weighting the MTE by the weights given in Heckman and Vytlacil (2005). Panel C of Table 8 reports

these treatment effects.

The fitted values of E(Y |P = p,X = x) for the mean X and it’s derivative (MTE(p, x)) at the mean

X, for the quadratic in P specification are plotted in Figure 5. In addition, Figure 5 shows the weights

that the IV estimator places on the MTE as well as the histogram of estimated propensity scores.
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8 Summary and Conclusion

Although the recent literature has shown the theoretical difficulties in applying standard IV methods

to data which contain essential heterogeneity, this paper seeks to determine whether such concerns are

important in practice. Using data from four prototypical choice settings in labor economics, we have

shown reasonable evidence that such heterogeneity is indeed present — i.e. that individuals are selecting

into treatment on the basis of their idiosyncratic gain from the treatment. Our strongest results come from

the data on union membership and college graduation, while the data on high school graduation and GED

certification are less conclusive. Therefore, in these settings, and potentially many others, researchers need

to use caution in interpreting estimates found using traditional IV methods. The underlying structural

parameter of importance is the MTE, which, as we have shown, may not be constant, and therefore an IV

estimate, which gives one number, will be unable to identify this parameter throughout its support.
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Table 1: Specification of the Generalized Roy Model Used

To Calculate the Power of the Tests

Outcomes Decision Rule:

Y0 = α0 + β10X1 + β20X2 + U0 D = 1(αd + γdZ ≥ V )

Y1 = α1 + β11X1 + β21X2 + U1

Observed Y = DY1 + (1−D)Y0

with parameters: with parameters:

α0 = 0, β10 = 0.1, β20 = 0.3 αd = 0.2

α1 = 0.2, β11 = 0.2, β21 = 0.4 γd = 0.3

Distribution of Unobservables:

⎛⎜⎜⎜⎜⎝
U1

U0

V

⎞⎟⎟⎟⎟⎠ ∼ N

⎛⎜⎜⎜⎜⎝
0

0

0

,

⎛⎜⎜⎜⎜⎝
1 0 ρ1V

0 1 −ρ1V
ρ1V −ρ1V 1

⎞⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎠

The power function is traced out by varying ρ1V from -0.7 to 0.7.

Values outside this interval lead to a covariance matrix which is

not positive definite.

Distribution of Observables:

⎛⎜⎜⎜⎜⎝
X1

X2

Z

⎞⎟⎟⎟⎟⎠ ∼ N

⎛⎜⎜⎜⎜⎝
0

0

0

,

⎛⎜⎜⎜⎜⎝
1 0.5 ∗

√
10 0.5 ∗ σZ

0.5 ∗
√
10 10 0.5 ∗ σZ

0.5 ∗ σZ 0.5 ∗ σZ σ2Z

⎞⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎠

I calculate the power function for values of σ2Z between 1 and 10.
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Figure 1:  Power of the Test of Linearity of E(Y|P)
 Using Quadratic Polynomial in P, Varying Sample Size

(Using Chi-Square Distribution under the Null)

Note:  The variance of the instrument is 10.  For each alternative hypothesis (each value of ρ1Vσ1 - ρ0Vσ0) we bootstrap the Wald statistic for 
the test that the coefficient on the P 2 term is zero 500 times and calculate what proportion of those test statistics lie outside the 95th 
percentile of a χ2 distribution with 1 degree of freedom (we are testing one coefficient).



Figure 2:  Power of the Test of Linearity of E(Y|P)
 Using Quadratic Polynomial in P, Varying σZ

(Using Chi-Square Distribution under the Null)

Note:  The sample size is 5,000.  For each alternative hypothesis (each value of ρ1Vσ1 - ρ0Vσ0) we bootstrap the Wald statistic for the test that 
the coefficient on the P2 term is zero 500 times and calculate what proportion of those test statistics lie outside the 95th percentile of a χ2 

distribution with 1 degree of freedom (we are testing one coefficient).



Figure 3:  Power of the Test of Linearity of E(Y|P)
 Using Cubic Polynomial in P, Varying Sample Size

(Using Chi-Square Distribution under the Null)

Note:  The variance of the instrument is 10.  For each alternative hypothesis (each value of ρ1Vσ1 - ρ0Vσ0) we bootstrap the Wald statistic for 
the joint test that the coefficients on the P 2 and P3 terms are zero 500 times and calculate what proportion of those test statistics lie outside 
the 95th percentile of a χ2 distribution with 2 degrees of freedom (we are testing two coefficients).



Figure 4:  Power of the Test of Linearity of E(Y|P)
 Using Cubic Polynomial in P, Varying σZ

(Using Chi-Square Distribution under the Null)

Note:  The sample size is 5,000.  For each alternative hypothesis (each value of ρ1Vσ1 - ρ0Vσ0) we bootstrap the Wald statistic for the joint test 
that the coefficients on the P 2 and P3 terms are zero 500 times and calculate what proportion of those test statistics lie outside the 95th 
percentile of a χ2 distribution with 2 degrees of freedom (we are testing two coefficients).



Figure 5:  Power of the Test of Equality of IV Estimates Using 
Propensity Scores Above and Below the Median, Varying Sample Size

(Using Chi-Square Distribution under the Null)

Note:  The variance of the instrument is 10.  The power is calculated for each alternative hypothesis (each value of ρ1Vσ1 - ρ0Vσ0) by 
bootstrapping the Wald statistic 500 times calculating what proportion of the test statistics lie outside the 95th percentile of a χ2 distribution 
with 3 degrees of freedom (we are testing 3 coefficients).



Figure 6:  Power of the Test of Equality of IV Estimates Using 
Propensity Scores Above and Below the Median, Varying σZ

(Using Chi-Square Distribution under the Null)

Note:  The sample size is 5,000.  The power is calculated for each alternative hypothesis (each value of ρ1Vσ1 - ρ0Vσ0) by bootstrapping the 
Wald statistic 500 times calculating what proportion of the test statistics lie outside the 95th percentile of a χ2 distribution with 3 degrees of 
freedom (we are testing 3 coefficients).



Figure 7:  Power of the Test of Equality of Simple IV Estimates Using 
Propensity Scores Above and Below the Median, Varying Sample Size

(Using Chi-Square Distribution under the Null)

Note:  The variance of the instrument is 10.  The power is calculated for each alternative hypothesis (each value of ρ1Vσ1 - ρ0Vσ0) by 
bootstrapping the Wald statistic 500 times calculating what proportion of the test statistics lie outside the 95th percentile of a χ2 distribution 
with 1 degree of freedom (we are testing 1 coefficient).  These IV estimates are the coefficient on D and contain no interactions with X (so 
they are misspecified).



Figure 8:  Power of the Test of Equality of Simple IV Estimates Using 
Propensity Scores Above and Below the Median, Varying σZ

(Using Chi-Square Distribution under the Null)

Note:  The sample size is 5,000.  The power is calculated for each alternative hypothesis (each value of ρ1Vσ1 - ρ0Vσ0) by bootstrapping the 
Wald statistic 500 times calculating what proportion of the test statistics lie outside the 95th percentile of a χ2 distribution with 1 degree of 
freedom (we are testing 1 coefficient).  These IV estimates are the coefficient on D and contain no interactions with X (so they are 
misspecified).



Figure 9:  Chile School Vouchers -- Math Score

Note:  The covariates in the outcome equations are: gender, mother's highest grade completed, father's highest grade completed, number of 
family members, an indicator for urban residence, household income categories and region indicators. The instruments are:  the proportion of 
schools in one's municipality that were voucher schools in 2002, the difference in average test scores between the voucher schools and the 
public schools in one's municipality in 2002, in addition to all of the X variables.  The dependent variable in the probit is 1 if the individual is 
enrolled in a voucher school, and 0 if the individual is enrolled in a public school. The E(Y|P,X) curve is found by regressing log hourly wages 
on the X's, P, P2, P3, and P4. The confidence intervals are found using 100 bootstraps.  In the MTE graph, the horizontal red line indicates the 
IV estimate.  In the histogram, the blue bars correspond to the D=1 group and the red bars to the D=0 group. The sample size is 40,501.



Figure 10:  4-Year College Graduate vs. High School Wages

Note:  The covariates in the outcome equations are: job tenure, job tenure squared, experience, experience squared, AFQT score, noncognitive 
score, marital status, indicators for black and hispanic, and year of birth indicators.  The instruments are:  AFQT score, noncognitive score, 
father's highest grade completed, mother's highest grade completed, number of siblings, family income in 1979, wages and unemployment 
rates of local high school graduates, wages and unemployment rates of local some college, wages and unemployment rates of local college 
graduates, indicators for black and hispanic, indicators for south residence and urban residence at age 14, and year of birth indicators.  The 
dependent variable in the probit is 1 if the individual graduated from a 4-year college, and 0 if the individual's highest education is a high 
school diploma (GEDs are excluded). The E(Y|P,X) curve is found by regressing log hourly wages on the X's, P, P2, P3, and P4. The 
confidence intervals are found using 100 bootstraps.  In the MTE graph, the horizontal red line indicates the IV estimate.  In the histogram, 
the blue bars correspond to the D=1 group and the red bars to the D=0 group. The sample size is 1,144.



Figure 11:  High School vs. Dropout Wages

Note:  The covariates in the outcome equations are: job tenure, job tenure squared, experience, experience squared, AFQT score, noncognitive 
score, marital status, indicators for black and hispanic, and year of birth indicators.  The instruments are:  AFQT score, noncognitive score, 
father's highest grade completed, mother's highest grade completed, number of siblings, family income in 1979, wages and unemployment 
rates of local dropouts, wages and unemployment rates of local high school graduates, indicators for black and hispanic, indicators for south 
residence and urban residence at age 14, and year of birth indicators.  The dependent variable in the probit is 1 if the individual's highest 
education is a high school diploma, and 0 if the individual is a high school dropout (GEDs are excluded). The E(Y|P,X) curve is found by 
regressing log hourly wages on the X's, P, P2, P3, and P4. The confidence intervals are found using 100 bootstraps.  In the MTE graph, the 
horizontal red line indicates the IV estimate.  In the histogram, the blue bars correspond to the D=1 group and the red bars to the D=0 
group. The sample size is 1,144.



Figure 12:  GED vs. Dropout Wages

Note:  The covariates in the outcome equations are: job tenure, job tenure squared, AFQT score, noncognitive score, marital status, indicators 
for black and hispanic, and year of birth indicators.  The instruments are:  AFQT score, noncognitive score, father's highest grade completed, 
mother's highest grade completed, number of siblings, family income in 1979, local cost of the GED, wages of local dropouts, unemployment 
rates of local high school graduates, indicators for black and hispanic, indicators for south residence and urban residence at age 14, and year of 
birth indicators.  The dependent variable in the probit is 1 if the individual's highest education is a GED, and 0 if the individual is a high 
school dropout. The E(Y|P,X) curve is found by regressing log hourly wages on the X's, P, P2 and P3. The confidence intervals are found 
using 100 bootstraps.  In the MTE graph, the horizontal red line indicates the IV estimate.  In the histogram, the blue bars correspond to the 
D=1 group and the red bars to the D=0 group. The sample size is 331.



Figure 13:  Union Wages

Note:  The covariates in the outcome equations are: experience, experience squared, various education categories, indicators for region of the 
country, indicator for urban, indicator for white, indicator for weeks worked between 1 and 26, indicator for weeks worked between 48 and 52 
weeks.  The instruments are:  all of the X variables in addition to indicators for two-digit occupation codes.  The dependent variable in the 
probit is 1 if the individual is a union member, and 0 if the individual is not a union member. The E(Y|P,X) curve is found by regressing log 
hourly wages on the X's, P, P2 and P3. The confidence intervals are found using 100 bootstraps.  In the MTE graph, the horizontal red line 
indicates the IV estimate.  In the histogram, the blue bars correspond to the D=1 group and the red bars to the D=0 group. The sample size is 
3815.



Table 1:  Chile Vouchers -- Math Score

A.  P-values from sequentially adding polynomial terms
Degree of Polynomial 2 3 4 5

P 0.0000 0.0000 0.0014 0.0696
P2 0.3550 0.0890 0.0395 0.3885
P3 0.1593 0.0767 0.5795
P4 0.1208 0.7376
P5 0.8667

Joint test of nonlinear terms 0.3550 0.0875 0.0205 0.8796

B.  Treatment Effects
Degree of Polynomial 2 3 4 5 Normal Semipar.

ATE -7.2307 -12.6136 -10.9667 -11.7628 -4.7516 -7.7067
TT -12.9179 -18.6105 -28.4809 -29.4113 -8.5286 -12.924
TUT -0.7015 -9.5799 5.5403 4.1173 -0.6851 -5.9742
IV -8.0559 -8.0559 -8.0559 -8.0559 -8.0559 -8.0559
IV (using weights) -8.3914 -9.0786 -10.9789 -11.2349 -5.4911 -4.2007

Note:  The p-values in panel A are from t-tests in the case of the individual coefficients and Wald tests for the joint 
tests.  The standard errors are calculated using 50 bootstrap samples.  The treatment effects in panel B are calculated 
by weighting the estimated MTE by the weights from Heckman and Vytlacil (2005).  Therefore, they vary depending 
on the degree of the polynomial used to approximate E(Y|P) (and hence the polynomial used to approximate the 
MTE).  The IV estimate is using P(Z), the propensity score, as the instrument.  The IV estimate is calculated both 
using the weights from Heckman and Vytlacil (2005) and using the traditional ratio of covariances.  The estimates 
differ not only because the estimate of the MTE is inexact, but also because the weights are estimated.  In both panels 
the degree of the polynomial refers to the degree used to approximate E(Y|P) (the degree of the approximation to the 
MTE is one less).



Table 2:  4-Year College Graduate vs. High School Wages

A.  P-values from sequentially adding polynomial terms
Degree of Polynomial 2 3 4 5

P 0.7101 0.7264 0.6813 0.5703
P2 0.3324 0.7575 0.7448 0.3386
P3 0.9467 0.8095 0.2804
P4 0.8172 0.2633
P5 0.2570

Joint test of nonlinear terms 0.3324 0.6047 0.7989 0.6972

B.  Treatment Effects
Degree of Polynomial 2 3 4 5 Normal Semipar.

ATE 0.4275 0.4182 0.4296 0.5500 0.3369 0.3609
TT 0.2351 0.2210 0.1940 0.3092 0.2617 0.2265
TUT 0.5763 0.5642 0.6028 0.8095 0.4002 0.4633
IV 0.3764 0.3764 0.3764 0.3764 0.3764 0.3764
IV (using weights) 0.3411 0.3421 0.3404 0.3468 0.3008 0.3128

Note:  The p-values in panel A are from t-tests in the case of the individual coefficients and Wald tests for the joint 
tests.  The standard errors are calculated using 50 bootstrap samples.  The treatment effects in panel B are calculated 
by weighting the estimated MTE by the weights from Heckman and Vytlacil (2005).  Therefore, they vary depending 
on the degree of the polynomial used to approximate E(Y|P) (and hence the polynomial used to approximate the 
MTE).  The IV estimate is using P(Z), the propensity score, as the instrument.  The IV estimate is calculated both 
using the weights from Heckman and Vytlacil (2005) and using the traditional ratio of covariances.  The estimates 
differ not only because the estimate of the MTE is inexact, but also because the weights are estimated.  In both panels 
the degree of the polynomial refers to the degree used to approximate E(Y|P) (the degree of the approximation to the 
MTE is one less).



Table 3:  High School Graduate vs. Dropout Wages

A.  P-values from sequentially adding polynomial terms
Degree of Polynomial 2 3 4 5

P 0.9766 0.5533 0.6785 0.8442
P2 0.3789 0.4515 0.6739 0.8629
P3 0.5520 0.7251 0.8877
P4 0.7626 0.9020
P5 0.9108

Joint test of nonlinear terms 0.3789 0.5188 0.8640 0.9384

B.  Treatment Effects
Degree of Polynomial 2 3 4 5 Normal Semipar.

ATE -0.0017 -0.4598 -0.9649 -1.5510 0.2420 0.2398
TT -0.2118 -0.7159 -1.4474 -2.1723 0.0915 0.2411
TUT 0.8954 0.3059 0.7462 0.4588 1.0078 0.1933
IV 0.4641 0.4641 0.4641 0.4641 0.4641 0.4641
IV (using weights) 0.2371 0.2605 0.2237 0.2236 0.3547 0.2636

Note:  The p-values in panel A are from t-tests in the case of the individual coefficients and Wald tests for the joint 
tests.  The standard errors are calculated using 50 bootstrap samples.  The treatment effects in panel B are calculated 
by weighting the estimated MTE by the weights from Heckman and Vytlacil (2005).  Therefore, they vary depending 
on the degree of the polynomial used to approximate E(Y|P) (and hence the polynomial used to approximate the 
MTE).  The IV estimate is using P(Z), the propensity score, as the instrument.  The IV estimate is calculated both 
using the weights from Heckman and Vytlacil (2005) and using the traditional ratio of covariances.  The estimates 
differ not only because the estimate of the MTE is inexact, but also because the weights are estimated.  In both panels 
the degree of the polynomial refers to the degree used to approximate E(Y|P) (the degree of the approximation to the 
MTE is one less).



Table 4:  GED vs. Dropout Wages

A.  P-values from sequentially adding polynomial terms
Degree of Polynomial 2 3 4 5

P 0.4640 0.4123 0.6893 0.9723
P2 0.6947 0.5529 0.9544 0.8231
P3 0.6469 0.9052 0.7851
P4 0.8311 0.7887
P5 0.8061

Joint test of nonlinear terms 0.6947 0.8205 0.9096 0.9631

B.  Treatment Effects
Degree of Polynomial 2 3 4 5 Normal Semipar.

ATE -0.5278 0.3563 0.3088 -2.1581 0.0637 -0.0939
TT 0.7162 1.7196 1.7843 0.2074 -0.0239 0.0960
TUT -1.4192 -0.4096 -0.5354 -4.1226 0.1216 -0.2121
IV 0.3934 0.3934 0.3934 0.3934 0.3934 0.3934
IV (using weights) 0.5152 1.5113 1.5689 0.7140 -0.0089 0.0968

Note:  The p-values in panel A are from t-tests in the case of the individual coefficients and Wald tests for the joint 
tests.  The standard errors are calculated using 50 bootstrap samples.  The treatment effects in panel B are calculated 
by weighting the estimated MTE by the weights from Heckman and Vytlacil (2005).  Therefore, they vary depending 
on the degree of the polynomial used to approximate E(Y|P) (and hence the polynomial used to approximate the 
MTE).  The IV estimate is using P(Z), the propensity score, as the instrument.  The IV estimate is calculated both 
using the weights from Heckman and Vytlacil (2005) and using the traditional ratio of covariances.  The estimates 
differ not only because the estimate of the MTE is inexact, but also because the weights are estimated.  In both panels 
the degree of the polynomial refers to the degree used to approximate E(Y|P) (the degree of the approximation to the 
MTE is one less).



Table 5:  Union Wages

A.  P-values from sequentially adding polynomial terms
Degree of Polynomial 2 3 4 5

P 0.0096 0.1606 0.2803 0.4140
P2 0.0041 0.0302 0.5305 0.9094
P3 0.1065 0.8824 0.9146
P4 0.9412 0.8728
P5 0.8724

Joint test of nonlinear terms 0.0041 0.0144 0.0294 0.0311

B.  Treatment Effects
Degree of Polynomial 2 3 4 5 Normal Semipar.

ATE 0.6215 0.2437 0.3192 1.8325 0.2149 0.1510
TT -0.1187 -0.2225 -0.2323 -0.1458 -0.0959 -0.0413
TUT 0.8512 0.3645 0.4683 2.4845 0.3083 0.2153
IV 0.1249 0.1249 0.1249 0.1249 0.1249 0.1249
IV (using weights) 0.0593 0.0498 0.0487 0.0566 0.0031 0.0064

Note:  The p-values in panel A are from t-tests in the case of the individual coefficients and Wald tests for the joint 
tests.  The standard errors are calculated using 50 bootstrap samples.  The treatment effects in panel B are calculated 
by weighting the estimated MTE by the weights from Heckman and Vytlacil (2005).  Therefore, they vary depending 
on the degree of the polynomial used to approximate E(Y|P) (and hence the polynomial used to approximate the 
MTE).  The IV estimate is using P(Z), the propensity score, as the instrument.  The IV estimate is calculated both 
using the weights from Heckman and Vytlacil (2005) and using the traditional ratio of covariances.  The estimates 
differ not only because the estimate of the MTE is inexact, but also because the weights are estimated.  In both panels 
the degree of the polynomial refers to the degree used to approximate E(Y|P) (the degree of the approximation to the 
MTE is one less).




