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A More Detailed Discussion of the Identification of the

Technology

From the conditional joint distribution F
(
Z2,k,t,1, ..., Z2,k,t,M2,k,t

∣∣ θt, θP , yt) we need to identify

the distribution of πt, Fπt , as well as the policy function g (θt, θP , πt, yt) . We start with the

case in which πt is i.i.d. and independent of (θt, θP , yt) and then relax it. Note that we can

use the arguments in section 3.1 to identify the joint distribution of F (θt, θP , Ik,t, yt) . As

shown in Matzkin (2003), if (1) gk,t is monotone in πt and (2) we know a point
(
θ̄t, θ̄P , ȳt

)
such that gt

(
θ̄t, θ̄P , πt, ȳt

)
= πt, then we can identify the distribution Fπ and the function

gk,t nonparametrically. 1 To see why, note that we can compute at each point (θt, θP , yt) the

following probability:

Pr (Ik,t ≤ q| θt, θP , yt) = Pr (gk,t (θt, θP , πt, yt) ≤ q| θt, θP , yt) ,

Consequently, computing that probability at
(
θ̄t, θ̄P , ȳt

)
yields the probability distribution

function for πt:

Pr
(
Ik,t ≤ q| θ̄t, θ̄P , ȳt

)
= Pr

(
πt ≤ q| θ̄t, θ̄P , ȳt

)
= Pr (πt ≤ q) = Fπt (q)

for all q ∈ R. For any other point (θt, θP , yt) , let τ (θt, θP , yt) be such that τ (θt, θP , yt) =

Pr (Ik,t ≤ q| θt, θP , yt), which can be estimated from the data. But then,

Pr (Ik,t ≤ q| θt, θP , yt) = Pr
(
πt ≤ g−1

k,t (θt, θP , yt, q)
∣∣ θt, θP , yt) = Fπ

(
g−1
k,t (θt, θP , yt, q)

)
.

But since Fπ is known, we also know g−1
k,t because g−1

k,t (θt, θP , yt, q) = F−1
π (τ (θt, θP , yt)) .

Knowledge of g−1
k,t yields knowledge of gk,t.Next, we proceed to a second stage in which we

replace the identified policy function gk,t in the production function:

θk,t+1 = fs,k (θt, gk,t (θt, θP , πt, yt) , θP , πt, νk,t) .

Given that πt is independent from (θt, θP , yt), we can easily construct the joint distribution

of the state variables because F (θt, θP , πt, yt) = F (θt, θP , yt)F (πt) . If (1) fs,k is monotone

in νk,t and (2) there exists a known point
(
θ̃t, θ̃P , π̃t, ỹt

)
, such that

fs,k

(
θ̃t, gt

(
θ̃t, θ̃P , π̃t, ỹt

)
, θ̃P , π̃t, νk,t

)
= νk,t,

1Although these may seem strong assumptions, note that parametric models in general impose similar
normalizations implicitly. For example, if gt (θt, θP , It, πt) is linear and separable in its arguments, then it is
clearly monotonic in πt and g (0, 0, 0, πt) = πt.
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then by applying the analysis in Matzkin (2003), we can recover the technology function fs,k

as well as the distribution of the error term νk,t.

Allowing for Serial Correlation in Shocks Suppose that πt follows an AR(1) process:

πt+1 = m (πt) + νπ,t. (A.1)

where the innovation νπ,t is independent. Note that iid is not needed. Sufficient conditions

are: (i) the process {πt}Tt=1 is independent of the vector
{
θ1, θP , {yt}Tt=1

}
, and (ii) the policy

function for investments can be written as:

Ik,t = gk,t (θt, θP , yt) + πt.

Open Question (Cunha): Can we weaken additive separability?

Under these conditions, it is possible to identify the function gk,1 (θt, θP , yt) and the

distribution Fπ1 by following the argument in the last section. The independence assumption

allows us to recover the joint distribution of (π1, θ1, θP , y1) . Consequently, we can identify

the technology f1,k (θ1, gk,1 (θ1, θP , y1) + π1, θP , π1, νk,1) for the first stage of development as

well as the distribution of νk,1, Fνk for k = C,N. Next, we need to identify the evolution

of π1. Without loss of generality, assume that the factor loading α2,k,t,1 = 1 for all k and t.

Then, for t = 2 and j = 1, ...,M2,k,t

Z2,k,2,j = α2,k,2,jgk,2 (θ2, θP , y2) + α2,k,2,jπ2 + ε2,k,2,j.

Identification is complicated by the fact that under serial correlation in π2, θ2 is correlated

with π2. To identify gk,2 we can use θ1 as an instrument for θ2 while noting that θP and y2

can serve as instruments for themselves. Clearly, we can identify the joint distribution of

(π1, π2) from the residualized measurement equations:

Z2,k,t,j − α2,k,t,jgk,t (θt, θP , yt) = πt + ε2,k,t,j for t = 1, 2.

We recover the function m from the fact that m (πt) =
∫
πt+1dFπt+1|πt (πt+1|πt) .This, in

turn, allows us to recover the distribution of νπ,1, Fνm,1 ,because for any q, Pr (νπ,1 ≤ q) =

Pr (π2 −m (π1) ≤ q) . Under the assumption that νπ,t is i.i.d., this yields the distribution

function for νπ,t for all t.

Finally, note that we can identify the joint distribution of (π2, θ2, θP , y2) . To see why,
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consider the probability of the event:

Pr (π2 ≤ qπ, θ2 ≤ qθ| θ1, θP , y2, y1, π1)

= Pr (m (π1) + νπ,1 ≤ qπ, f1 (θ1, g1, θP , π1, ν1) ≤ qθ| θ1, θP , y2, y1, π1) (A.2)

= Pr
(
νπ,1 ≤ qπ −m (π1) ,≤ f−1

1 (θ1, g1, θP , π1, qθ)
∣∣ θ1, θP , y2, y1, π1

)
= Fνπ (qπ −m (π1))Fν

(
f−1

1 (θ1, g1, θP , π1, qθ)
)
.

Note that we secured identification of the functions f1,k, gk,1, and the joint distribution of

(π2, θ2, θP , y2) . To proceed, assume that at every period t there is a new technology function

to be identified, so that each period t is a new development stage s. Assume that both the

technology and the policy functions fs,k and gk,t as well as the joint (πt+1, θt+1, θP , yt+1) have

already been identified. We will show that it is also possible to identify the technology and

policy functions fs+1,k and gk,t+1 as well as the joint distribution of (πt+2, θt+2, θP , yt+2) .

Z2,k,t+1,j = α2,k,t+1,jgk,t+1 (θt+1, θP , yt+1) + α2,k,t+1,jπt+1 + ε2,k,t+1,j.

Because we know the joint distribution of (πt+1, θt+1, θP , yt+1) , we can clearly identify the

function gk,t+1 (θt+1, θP , yt+1). We then substitute the policy function into the production

function and obtain identification of fs+1,k. If t > T − 2, there is no need to proceed. If

t ≤ T − 2, we use the assumption that the function m is stage (and time) invariant and

repeat the steps in (A.2) to recover the joint distribution of (πt+2, θt+2, θP , yt+2) .
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B Equalizing Outcomes

The criterion adopted for the first problem assumes that the goal of society is to get the

schooling of every child to a twelfth grade level. The required investments measure the power

of initial endowments in determining inequality and the compensation through investment

that is required to eliminate their influence. Let e(θ1,h) be the minimum cost of attaining 12

years of schooling for a child with endowment θ1,h. Assuming no discounting, the problem

is formally defined by

e (θ1,h) = min [I1,h + I2,h]

subject to a schooling constraint:

S (θC,3,h, θN,3,h, πh) = 12,

where S maps end of childhood capabilities and other relevant factors (πh) into schooling

attainment, subject to the technology of capability formation constraint

θk,t+1,h = fk,t (θC,t,h, θN,t,h, θC,P,h, θN,P,h, It,h, πh) for k ∈ {C,N} and t ∈ {1, 2},

and the initial endowments of the child and her parents. We have estimated all of the

ingredient functions.2

Figures 2 (for child endowments) and 3 (for parental endowments) plot the percentage

increase in investment over that required for a child with mean parental and personal en-

dowments to attain high school graduation.3 The shading in the graphs represents different

values of investments. The lightly shaded areas of the graph correspond to higher values.

Eighty percent more investment is required for children with the most disadvantaged personal

endowments (Figure 2). The corresponding figure for children with the most disadvantaged

parental endowments is 95% (Figure 3). The negative percentages for children with high

initial endowments is a measure of their advantage. From the analysis of Moon (2009), in-

vestments received as a function of a child’s endowments are typically in reverse order from

what are required. Children born with advantageous endowments typically receive more

parental investment than children from less advantaged environments.

2See Web Appendix 8 for the estimates of the schooling equation.
3In graphing the investments as a function of the displayed endowments, we set the values of other

endowments at mean values.
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C Econometric Issues Addressed in this Paper

To build intuition for our econometric procedure, in this subsection, we show how the tech-

nology can be identified if (i) both skills and investments are measured without any error

and (ii) there exists a natural metric in which to measure skills. For simplicity, consider the

situation in which there is only one skill, ”human capital”, θt. We decompose the error term

ηt into two independent components, πt and νt. The component πt is known by parents at

the time they make investment decisions. The component νt is realized at the end of period

t, after investment decisions are made, and is not known by the parents. We assume that

E (νt| θt, It, θP , πt) = 0. To focus on essential points, we rewrite technology (2.1) in the main

text as:

θt+1 = f (θt, It, θP , πt) + νt. (C.1)

We restate the problem of the parent in a more complete fashion. Because there is only one

skill, it is without loss of generality that we assume Q = θT+1. Let R (θT+1) denote the net

present value of the child’s lifetime income. At each period of childhood t, parental income

is yt. It is observed at the beginning of period t by the parents, but is stochastic from the

point of view of the parent at periods τ < t. For simplicity, assume that parents cannot

borrow or save, so the budget constraint in period t is

ct + It = yt. (C.2)

where ct is parental consumption. The state variables are denoted by Ωt = (θt, θP , yt, πt).

Only (θt, θP , yt) are observed by the econometrician. Given the state variables, the parent

chooses household consumption ct and investments It in skill of the child. In the final period

of childhood t = T, the problem solved by the parents is to maximize value:

VT (ΩT ) = max

{
u (cT ) +

(
1

1 + δ

)
E [R (θT+1)|ΩT ]

}
(C.3)

subject to (C.1) and (C.2). The expectation in (C.3) is with respect to shock νT that is

realized after investment IT is made. For periods t = 1, ..., T − 1, the problem of the parent

is:

Vt (Ωt) = max
ct,It
{u (ct) + βE [Vt+1 (θt+1, θP , yt+1, πt+1)|Ωt]} (C.4)

subject to (C.1) and (C.2). The expectation in (C.4) is computed with respect to income

yt+1 and the shocks νt. In each period t, the solution of the problem is a policy function for

investments,

It = gt (θt, θP , πt, yt) . (C.5)
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Note that even if we assume that πt is i.i.d. and independent from the other state variables,

the policy function (C.5) shows that investment will be correlated with the unobserved πt.

To overcome this type of endogeneity problem in estimating the production function, the

recent literature follows Olley and Pakes (1996). Their approach proceeds in two stages.

They assume that (C.5) is invertible in πt for all θt, θp, and yt. In the first stage of their

procedure, they estimate an object that is the combination of the nonparametrically specified

inverse policy function g−1
t (θt, θP , It, yt) that links πt to observed quantities and a production

function that is linear and separable in its arguments.

In the second stage, the parameters associated with the production function are identified

under assumptions about the dynamics of πt. They assume that πt = πt−1 + ζt, where ζt is

an innovation that is independent of πt−1 and everything else. The first-stage approach in

Olley and Pakes (1996) substitutes in (C.1) for πt using the inverse policy function (C.5)

and estimates the nonparametric function κt which is defined as:

θt+1 = f
(
θt, It, θP , g

−1
t (θt, θP , It, yt)

)
+ νt = κt (θt, θP , It, yt) + νt.

The function κt is clearly identified because all of its arguments are observed and exogenous

with respect to νt. If f is monotonic in πt, from the definition of κt−1 we obtain:

πt−1 = f−1 (θt−1, It−1, θP , κt−1) .

Using the law of motion for πt, we conclude that:

πt = f−1 (θt−1, It−1, θP , κt−1) + ζt. (C.6)

If we replace (C.6) in (C.1), we obtain the second stage equation:

θt+1 = f
(
θt, It, θP , f

−1 (θt−1, It−1, θP , κt−1) + ζt
)
.

There are two problems in obtaining a consistent estimator of f from the second-stage

equation. First, if f is not additive and separable in πt, then it is necessary to make some

form of normalization to identify the production function. This arises because the functions

f (θt, It, θP , πt) and f̃ (θt, It, θP , a+ bπt) are observationally equivalent.4

Second, if It is correlated with πt, then It is in general correlated with ζt. The exception

4To see why, suppose that κt−1 = f (θt−1, It−1, θP , a+ bπt−1) . Then, we can invert f

with respect to πt−1 and obtain πt−1 = f(θt−1,It−1,θP ,κt−1)−a
b . But then f (θt, It, θP , a+ bπt) =

f (θt, It, θP , f (θt−1, It−1, θP , κt−1) + bζt) . Since we don’t know b and we don’t observe ζ, we can’t tell bζt
and ζt apart.
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is the case in which investments It are chosen before the realization of ζt, in which case the

entire correlation between It and πt is due to πt−1. If this restriction on the timing of the

arrival of information does not hold, then it is necessary to find instruments for investments.

The simple model previously sketched suggests using income, or unanticipated innovations

in income, as instruments for investments. Note that in Olley and Pakes (1996) this problem

does not arise because it is assumed that the dynamic input (i.e., capital) is chosen before

ζt is known.5

To handle the endogeneity of investments, we can use a nonparametric instrumental

quantile regression to identify the dependence of

f
(
θt, It, θP , f

−1 (θt−1, It−1, θP , κt−1) + qτ
)

on θt, It, θP , θt−1, It−1, κt−1, and τ, where qτ is the tth-quantile of ζt. Unfortunately, this

argument does not recover the function qτ (Chernozhukov, Imbens, and Newey, 2007). To

recover this, consider the subset of values where θt = θt−1 = θ and It = It−1 = I. This special

set of values generates an equation:

f
(
θ, I, θP , f

−1 (θ, I, θP , κ) + qτ
)

= κ

which we can use to identify the τ such that qτ = 0. Next, for a fixed value of θt, It, and θP ,

consider a change in both κt and τ that leaves the function f (θt, It, θP , f
−1 (θt−1, It−1, θP , κt−1) + qτ )

unchanged at qτ = 0 :

0 ≡ df
(
θt, It, θP , f

−1 (θt−1, It−1, θP , κt−1) + qτ
)∣∣
qτ=0

= dκt +
∂f (θt, It, θP , πt)

∂πt

∂qτ
∂τ

∣∣∣∣
qτ=0

dτ,

and we obtain:
dκt
dτ

= −∂f (θt, It, θP , πt)

∂πt

∂qτ
∂τ

∣∣∣∣
qτ=0

which is the derivative of f with respect to πt up to a constant term b = ∂qτ
∂τ

∣∣
qτ=0

. As a

consequence, we know how f depends on πt up to an additive constant, a. The argument

above can be repeated for all values of θt, It, and θP to recover how f depends on all of its

arguments. To pin down the constants a and b, we can proceed by normalizing V ar (ζt) = 1

and the location of f (θt, It, θP , .) .

Although the argument above extends Olley and Pakes (1996) to a nonparametric pro-

duction function setting, it still relies on observing inputs and investments without measure-

5In their setup, the nondynamic input (i.e., labor) is correlated with ζt, but its coefficient is consistently
estimated in the first-stage equation.
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ment error. Such assumption does not hold when one has as inputs skills and observations

of parental investments in skills.
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